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P R E F A C E 
R e l i a b i l i t y theory cu r ren t ly exhib i ted by engineers , 
mathematicians, economists and i n d u s t r i a l managers. 
R e l i a b i l i t y has been formulated as the science of c redec t ion 
es t imat ion and opt imizat ion . I n which the p r o b a b i l i t y of 
a device performing i t s defined purpose adequately for 
aspecif ied per iod of time under the opera t ing condi t ions 
encountered. In recent year engineers and i n d u s t r i a l 
managers emphasized on a acce lera ted l i f e t e s t i n g in which 
the device are operated at high s t r e s s l e v e l s than are 
required for normal use. 
In t h i s d i s s e r t a t i o n e n t i t l e d "Nor^arair.etric Acceler-
ated l i f e t e s t i ng? We have produced some bas i c and inpor-
t an t r e s u l t s i n parametr ic and nonparametric acce le ra ted 
l i f e tes t ing* 
The f i r s t chapter present some bas ic concepts and 
formulas of the p r o b a b i l i t y and s t a t i s t i c a l d i s t r i b u t i o n 
which wi l l be roost frequently xised i n r e l i a b i l i t y . 
The second chapter i s devoted to fundamental concepts 
of r e l i a b i l i t y theory . Here we consider the l i f e t e s t i n g 
accelerated l i f e t e s t i n g . 
In the t h i r d chapter present optimum s ingle s t e p -
s t r e s s Accelerated Life t e s t s for weibull D i s t r ibu t ion and 
Type I censoring. We explores some bas ic assunption and 
niodel to ex t rapo la te the design S t ress to e s t ima t i c the l i f e 
d i s t r i b u t i o n . And Weibull d i s t r i b u t i o n i s assumed to describe 
the f a i l u r e mechanism of t e s t u n i t s . Here we use maximum l i k e l -
ihood es t imator and Fisher information matrix for opt imal i ty 
c r i t e r i o n . 
The fourth Chapter Optimal Design of P a r t i a l l y Accelerated 
Life t e s t s for the Exponential D i s t r ibu t ion under Type-I 
censoring. In which items are run at both acce lera ted and use 
condi t ions u n t i l a predetermined time. Here we also xxse the 
maximum l ike l ihood est imator for the ex t rapo la t ion of the r e s u l t . 
One of the main chapter i s the f i f t h . This chapter Analysis 
for two l e v e l , s ing le s t r e s s Accelerated l i f e t e s t s in case 
of nonparametric. The f i r s t p a r t of t h i s chapter i s intended to 
be a ber ief Exposition of the norparametric acce lera ted l i f e 
t e s t i n g . In which we use a general model with few assumptions 
ra the r than a more spec i f ic one. We also discuss a goodness-of-f i t 
t e s t of the propor t iona l hazards model. 
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C H A P T E R - I 
INTRODUCTION OF PROBABILITY AND STATISTICAL APPLICATIONS 
1.1 RdudoiTi va r i ab l e , p r o b a b i i i t / and p r o b a b i l i t y d a - t r i -
but ion function. 
Random va r i ab l e s 
A Random va r i ab le s i s a function X(w) with 
domains and range number a, the event 
1 w : (w) ^ a| €. B 
If a random va r i ab le takes at must a countable 
number of va lues . I t i s c a l l e d d i s c r e t e random v a r i a b l e . 
A random variable X i s said to continuous i f 
i t can take eill possible values between c e r t a i n l i m i t s . 
1.1.2 PROBABILITY 
p robab i l i t y i s a function whiter- ass igns a 
non-negative r ea l number to every event A, in a simple 
space S. 
Let X be a number of times t h a t A occurs 
in the n repeated Experiments. Then the p r o b a b i l i t y 
of the event 
P ( A ) = l imi t — 
n 
number of elements of S 
t h a t corresponds to A 
_ t o t a l number of elements of S 
n o 
a.n(i following p r o p e r t i e s 'notel 
1) PU)>y 0 
i i ) P( UAi ) = H P (A^) A^nAj = P 
i=l i=l 
i i i ) PCs) =1 
1.1.3 PROBABILITY DlSTRlBUTIOK 
A random variable x is said to be discrete 
if its sample space consists of a fi-a^ st number of paints 
Let 
S = ( X w X-. X,, ) 
1 ^ IN 
If a function f^ ^Cx )^ i s defined on S such t h a t 
( i ) P ( X = X, ) = fx, (x,) 
( i i ) f^(x; 7/ 0 
(iii) Jl ^ 
y_. fx(x. = 1 or Z_ fx(x. )=1 
i =1 i=l 
.1 
m a continuous probability distribution is 
defined as 
F(X ^ :x; = r (x) = ( f (s) ds 
ana f (A) = F' (x) 
following properties hold 
b 
1) F(a <r X .^  b) = f fx(x) dx f 
ii) fx(x) > 0 
^^^ ^ r fx (x) dx = 1 
1.3 IMPCRTAI^T STATISTICAL DISTRIBUTION 
1 . 3 . 1 EXPONENTIAL DISTRIBUTION 
A w i d e l y u s e d p . d f f o r m o d e l i n g a t i m e - t o - f a i l u r e 
v a r i a b l e say T, i s t h e f a m i l y of e x p o n e n t i a l m o d e l s 
d e f i n e d by 
f (t; = /^E X ? ( - y\ t) t > C 
= 0 otherwise t -^s C 
For a valid model 
f(t) ^ 0 V real t 
/ f ( t ; and i f ( t ) Gt = 1 
The function f ( t ) assign d e n s i t i e s to p o s i t i v e values 
of t . 
1 . 3 . 2 NORKAL DISTRIBUTION 
One of t h e mos t i m p o r t a n t d i s t r i b u t i o n s i n 
t h e s t u d y of p r o b a b i l i t y and m a t h e m a t i c a l s t a t i s t i c s . 
L e t A r . V. X s a i d t o be n o r m a l d i s t r i b u t i o n 
w i t h p a r a m e t e r s , yjfit ( - C « < 1 J 6 . < °^ ) and ' C r ( > 0 ) so 
2 
X '—N-M ( b ^ (T ) i t s p . d . t . i s g i v e n by 
f ( x ) = ^ p j _ ( x _ u ; V 2 o-^l - « > < t X < - o 
f o r t h e s t a n d a r d no rma l d i s t r i b u t i o n p , d . f . i s g i v e n by 
2 
X ~ : . ( 0 , 1 ) 
1 . 3 . 3 THE LOG NOR>L\L DISTRIBUTION 
The p o s i t i v e r . v . x i s s a i d t o h a v e a l o g n o r m a l 
d i s t r i b u t i o n . I f l o g x i s n o r m a l l y d i s t r i b u t e d 
,s 
Let Y = l o g ^ x -^^ K Ctf ^ o-^) v x > 0 
Fx(x) ~= P(X ^ x) = P (log X >$C logx) 
= P (y .^ logx) */ log X i s monotonic i n c r e a s i n g 
f u n c t i o n 
Exp I - ( log u-jU)V 2 cr^  u > 0 f x ( x ) = 
-
" / 2 . A 
0 
 1 
U ^ O 
1 . 3 . 4 WEIBULL DISTRIBUTlCr. 
A random v a r i a b l e x has a w e i b u l l D i s t r i b u t i o n 
wi th t h r e e p a r a m e t r r s 
Y = ( ^ - ^ ) ^ 
h a s t h e e x p o n e n t i a l D i s t r i b u t i o n wi th p - d - f 
ryCy; = E(-y) y > G 
The p . c . f of Y 
X > Jtl 
The sandared weibull distribution 
C- = 1 u b = 0 
f (x ) = 3 xP-' EXP UxP; ^ > ° 
e > C 
o 
1 . 3 . 5 EXTREME-VALUE Dl STRIBUTI ON 
I t c a n b e d e r i v e d from t h e h a z a r d - r a t e c o n c e p t 
f o r e x p o n e n t i a l f u n c t i o n , 
^ ix) = Exp (x; - CO < X < °o 
p . c . f c f extrer-ifr v a l u e i s g i v e n DV 
f x ( x ) = Exp (x) Exp ( -x) - o o c x < , ' ^ 
and c . d . f. i s g i v e n by 
F x ( x ) = 1 - Exp | - E x p ( x ) I - ^ < x < ° o 
A s t a n d a r d forn-. of t h e s m a l l e s t e x t r e m e d i s t r i b u t i o n of 
Gumbel i s g i v e n by 
i x ( x ) = l - £ x p . H^P { . iS_zJL. ) 
-«= <.x <*** 
1.4 STATISTICAL I^iFERENCE 
1 . 4 , 1 POINT ESTlyATICN ASP ITS PROPERTIES 
L e t x^ , X Xn b a sample 
From F< 
T ( X X2 
i , e . P t Q C 3. . A s t a t i s t i c s 
x„ ) i s s a i d t o be a p o i n t e s t i m a t i o n 
n •^ 
of Q I f T macs Rn i n t o C 
n 
The problem of parameteric point estimation is 
to find an estimate .T- for the unknown parameter 0 
that has following properties, 
i) CONSISTA^JT 
Any statistic that converges stochastically to 
a parameter £ is called a consistant estimator of that 
parameter. 0. In a practical interest maximum liklihood 
estimators arp constant. 
T^ — ' 0 as n -^ ^ v fixed © ^(H) 
i i ) UNBIASEDKES5 
Any s t a t i s t i c whose m a t h e m a t i c a l l y e x p e c t a t i o n 
i s equa l t o a pa ra r re te r 9. 
E (©n ) = e ] as n o O 
v(Cr-. ; 
i i i ) SLTFICIENCY 
Let X = Cx, x ) be a sample from 
I n •^  
JFg. J e € H^yJ . A s t a t i s t : i . c T = T (x) i s s u f f i c i e n t 
fo r e o r for t he f ^ i l y of d i s t r i b u t i o n s {Ffi *, © ^ (H) j i t 
o n l y i f t h e c o n d i t i o n a l d i s t r i b u t i o n of Y g i v e n T = t does 
not depend on 6 . 
s 
( i v ) COMPLETNESS 
L e t f^  ix) , e e (K ; be a f ^ i l y of p d f E 
we say t h i s f a m i l y i s c o m p l e t e i f , 
E^ g ( x ) = 0 V e S (H) 
F^ Ig(x) = 0) ^ 1 v e e (H; 
A s t a t i s t i c T(x/ i s s a i d t o be c c r r . p l e t e . I f t h e f a m i l y 
o f d i s t r i b u t i o n i s c o m p l e t e . 
1 . 4 . 2 METHODS OF OBTAINING POINT ESTIMATERS 
T h e r e a r e s e v e r a l me thod f o r t h e p o i n t e s t i m a t i o n 
b u t maximum l i k e l i h o o d e s t i m e r i s more i m p o r t a n t t h a n t h e 
o t h e r s . 
MAXIMUM LIKELIHOOD ESTIMATOR 
•n C o n s i d e r a random saKp le x , 
from a d i s t r i b u t i o n h a v i n g p . d . f. 
f ( x , C) 6 G-n, T h e ' j o i n t p . d . f. Of 
x^ x^ x^ i s f (Xj^  e ) , f(3<n' ^ > 
T h i s j o i n t p d f may be r e g a r d e d a s a f u n c t i o n of ©. I t i s 
c a l l e d t h e l i k e l i h o o d f u n c t i o n L of t h e rar-dom same. 
L = (e, X, x„ ) = f (x, e) f(x^, e) e^-'^ 
i n 1 n 
suppose t h a t we can find a non t r i v a l funct ion of x, x 
1 n 
say U(Xj^  — x^) s.t. when e is replaced by U{x^ X^ )^ 
the likelihood function L is a maximum. That is 
u 
L I U ( X , x„) I : X- X I i s a t l e a s t as g r e a t 
' 1 n ' 1 n ' 
as L (6^ X. x^ ) V © then t h e s t a t i s t i c 
U(x, X ) w i l l be c a l l e d a maximum l i k e l i h o o d 
e s t i m a t o r of fe. 
I n case of .Accelerated l i f e t e s t i n g (log) 
maximum l i k e l i h o o d i s more u s e f u l for e v a l u a t i n g good 
p l a n s o r o p t i m i z i n g t e s t p l a n s . 
Suppose specimen i h a s an obse rved yj of t h e 
dep>endent v a r i a b l e then i t s l i k e l i h o o d i s 
Ll - t (y^, « j e^ ) 
f i s p . d. f. of assumed di s t € , 6 . 
£ i (y* e , x^ ) = In | f ( y ^ , 0, Xi ) 
fteiiability a t age y^ 
*i » W (y^, e , x^ ) « I n l R ( y ^ , 0 , x^) \ 
SO theoritlcal log likelihood for specimen is expressed as 
-^i = I ^ (Yi ' l n ( f ( y ^ , f i , x^) j + j l - I ^ (y) { 
ln}R(n^ , C^  x^ ) 
where 
r i 
i n d i c a t o r f u n c t i o n 
^iCy) = 
Hi 
ML e s t i m a t e s 'A. 0^ are e 6^ 
v a l u e s t h a t maximize t h e obse rved sample log l i k e l i h o o d 
Xi by d i f f . w. r . t o 6-j^  6^ ^ s e t equal t o 
zero 
d / , / ^1 = 0 07 ' s_ = 3 
1 .5 .1 FISHER INPORMATIOK MATRIY 
After c a l c u l a t i n g t h e p a r a m e t e r s V V 
one e s t i m a t e s t h e i r coj far ianer mat r ix from t h e F i she r 
ma t r i x l a t e r y i e l d s approximate conf idence i n t e r v a l 
f o r v a r i o u s q u a n t i t i e s and a l s o r e d u c e s t h e e r r o r i n 
a p l a n . 
Lat P X P symmetric mat r ix of n e g a t i v e second 
p a r t i a l d e r i v a t i o n 
- d ^ ^ / d y ^ - d^ i i / d Y ^ dY2 - d ^ ^ / d Y , dY; 
- d^^dY2Y^ - d^ f i /dy^ d ^ ^ / d Y ^ cSTp 
- d^ ^/QYp dYj^  
- d ' t/^ 
1 . 5 . 2 THEORETICAL FISHER INFORMATION MATRIX 
.2 , ^, ^2 £ 
F= 
El-d^-^ /dYi ) E(-d^£/dYj^ dY^ ) — E ( - d ^ ^ /dY^ dYp ) 
EC-d^-^/dY^ dYj^ ) E ( - d ^ ^ / d Y 2 ) — E ( - d ^ ^ / d Y 2 <3Yp) 
E( -d ' £/dYp dYj^ ) E(-d^" ^ /dY^ \ 
u 
a l l d e r i v a t i v e s a r e e v a l u a t e d a t t h e t r u e p a r a m e t e r 
v a l u e s . Of t en s i m p l i f y t h e c a l c u l a t i o n of t h e o r e t i c a l 
r e s u l t s , 
1 . 5 . 3 COVARIANCE MATRIX 
The t r u e ( a syn5>to t i c c o v a j r i a n c e m a t r i x 21 of t h e mj_ 
e s t i m a t e s Y 1 - m 
t r u e F i s h e r i n f o r m a t i o n m a t r i x F 
i s t h e i n v e r s e of t h e 
I Var (y^: 
T 
) Cov(Y3^Y2) GOV (Y^Y ) 
Cov(Y«Y-) Var (Y^) Gov (Y^Y ) 
2. 1 i 2 p 
= F 
A A A 
Cov(Y Y j Var (Y ) 
P 1 p 
The t r u e v a r i a n t e s and c o v a r i o n i e s o f t h e p a r a m e t e r 
e s t i m a t e s a r e ir: t h e sanie p o s i t i o n s i n t h e c c v a r i a n c e m a t r i x 
a s t h e c o r r e s p o n d i n g p a r t i a l d e r i v a t i v e s i n t h e f i s h e r m a t r i x . 
1.6 ORDER STATISTICS 
L e t X, ,X b e a random sample from a p r o b a b i l i t y 
d e n s i t y fv inc t ion fx (x , 6 ) .Svippose now t h a t n o b s e r v a t i o n 
aire a r r a n c e d i n a s c e n d i n g o r d e r so t h a t X ( . . <C X/„-
where X ( l ) i s t h e s m a l l e s t o b s e r v a t i c n and 
X{n) i s t h e l a r g e s t o b s e r v a t i o n . 
1 '^  
1. M 
1 . 6 , 1 . DISTRIBUTION OF THE 1ST ORDER STATISTIC : 
Let E denote t h e event t h a t t h e i t h o r d e r e d 
o b s e r v a t i o n X( i ) l i e s between x and x + dx. This i m p l i e s 
t h a t i - 1 o b s e r v a t i o n occure oefore x and n - i obsezr^'atior.s 
a f t e r x + dx P (E) = P \ ^ N^  ^  ( i ) ^ X + dx ] 
f „ (x; dx 
( i - l ) l 11 n - i i 1 ^x^^^ I 
ll-F^(x) l"-^ 
when dx —> 0 
i -1 n-i 
If 1=1, ^^(i> ^^^ gives the p . d. f. of the smal les t ( f i r s t ) 
order s t?^ t i s t ic as 
^x( i )= " U-Fj^U) f'-^ fx(x) 
If 1= n, ^ j,/^ ) C5<) gives the p. d. f. of the largest (lost) 
order statistic 
fx(nX^^ = '^ l^ x^ ^^  i""' ^ x^5 
The d i s t r i b u t i o n functions of x , . . and x , » can be e a s i l y 
obtained s ince . 
13 
F X ^ j ( x ) = P (X^^j<^ X; = 1-F ( ^ ( 1 ) ^ 3C) 
P ( X ^ ^ ^ > » ) = F ( X ^ ^ j X, X^^ j X) 
Now c o n s i d e r F / •* (x) 
X in) 
^ ( n ) ^ ^ ^ = ^ ^^{n)^ x ) = P (x^^^^< X, x ^ ^ . ^ x ) 
1 , 6 . 2 J O I N T D I S T K I B U T I G I N . G F THE F I R S T ORDER S T A T I S T I C 
P ( E ) = P ( X j < : x , ^ j <C X + dXj^ 
X / J ^ X ( n ) N^  X * d x ) 
n i ^ d x . 
•--• = n , 1 . r , , ^ . x U l ) ^ iX' OX Cl 11 0 1 — r. - -Jf 1 ^^^-' f x 
i i - F C x ; I " - ^ 
o r 
nl 
^ x ( l ) x ( 2 ) - — x^^) = - ^ ; : ; 7 - I ^ - ^ ^-r^ i ' • ' - f fx (X,) 
i = l 
I f r = n 
n 
^ x ( l ) x ( 2 ) - "—"" (n ) ' ^ 1 "" ^n^ ' ^•'' Y^ f („ ) 
i = 1 '^  
Vi 
1.7 GOOLisESS OF FIT 
L e t X-., x^ X b e a random sample from 
a d i s c r e t e d i s t r i b u t i o n i s g i v e n by 
i- (X = X^; = i . {t>) G = 1 , 2 , 
k 
F, (6) > 0 , y P.(e) = 1 and 0 is scdiar of (vector / para-
j"-
meter that is unknown 
Under Ho 
K 
L. i = n 
•* and 
HQ ; (n , n n^ ) has a mulinomial 
distribution 
j=i "^j <") 
L<=t e be t h e v a l u e of ^ f o r which i^^ (Q) i s minimum. Then 
^ i s c a l l « d rcinimuin c h i - s q u a r e e s t i m a t e of 6 . 
I n a c o n t i n u o u s c a s e of f ( xyQ ) be t h e p d f where B 
i s unknown 
j'«' = I F^ce) = f{x, o)dx 
ir. 
Chi- square t e s t i s s p e c i a l l y des igned for count d a t a 
and i s based on v e r t i c a l d e v i a t i o n s between the observed 
and h y p o t h e s i z e d . 
Kolmogoror & s imi rno r goodness of f i t based on v e r t i c a l 
d e v i a t i o n s between the e m p i r i c a l d i s t r i b u t i o n func t ion an: 
t he hypo thes i zed d i s t r i b u t i o n f u n c t i o n . 
Let sample x, , x^ - X 
n 
^ ( » number of x „ ' s . < 3c 
n 
Undpr H » F(x) «= F^ (x) x £ R 
o o 
Hj^: F ( X ) ^ ^a^^^ ^°^ some x so a b s o l u t e d e v i a t i o : 
F„(x) - F_(x) I Should be small f o r a l l x 
' n o ' 
D„ i s t h e l a r g e s t a b s o l u t e d e v i a t i o n between F (x) & F (x/ n ^ n o 
The one s ide K, £. s t a t i s t i c 
x& R 
^n sup [^o^^^ " ^n^^^ \ 
x ^ R 
1 ( . 
The statistic Dn Dn~ are used to test Ho against one 
sided alternatives.. 
F(x) ^  ^o^^' ^^'^ ^^^^ ^ ^^^o^ 
CHEBYSHEV'S XNEQUALITy 
There i s a w e l l known i n e q u a l i t y due t o t h e R u s s i a n m a t h m a t i c a n 
c h e b y s h e v wh ich w i l l p l a y an i m p o r t a n t r o l e i n s t a t i s t i c s . One 
r e a s o n t h a t t h e mean v a r i a n c e a r e s a i d t o c h a r a c t r i s e a 
d i s t r i b u t i o n i s i l l u s t r a t e d by c h e b y s h e v i n e q u a l i t y . 
Le t X be a random v a r i a b l e ( d i s c r e t e o r c o n t i n u o u s ) 
With Z ix) = JcJ & V<X) = sr Then f o r any p o s i t i v e 
n u n i e r K we have 
F i 1 X-bi >. k i ^ l/> 2 
2 
o r F i i x - P j <$ k i X 1 - l A 
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C K A ir T E R - I I 
SOME ASPECTS OF RELIABILITY THEORY 
2 .1 RELIABILITY THEOrLY 
The c o n c e p t of r e l i a b i l i t y of a u n i t s i s c o n n e c t e c 
i n a v e r i ' r e a l w^- w i t h t h e c o n c e p t of i t s q u a l i t y . The 
q u a l i t y of a u n i t i s t h e s e t of p r o p e r t i e s d e f i n i n g t h e 
d e g r e e of s u i t a b i l i t y of t h e u n i t f o r a s p e c i f i e d u s e . 
By u n i t r e l i a b i l i t y we me an t h e a b i l i t y o f t h e u n i t t o 
m a i n t a i n i t s q u a l i t y u n d e r s p e c i f i e d c o n d i t i o n s of u s e . 
I n o t h e r words r e l i a b i l i t y i s a p r o p e r t y wh ich i s e x t e n d e d 
i n t i m e . R e l i a b i l i t y i s d e t e r m i n e d by q u a l i t y and o p e r a t i n g 
c c n c i t ions« 
The p r c b l e r r of r e l i a b i l i t y of u n i t s becomes v e r y 
u s e f u l i n many f i e l d s of i n d u s t r i a l p r o c e s s e s l i k e , 
t r a n s p o r t , : :echnology e t c . 
R e l i a b i l i t y t h e o r y i s t h e new s c i e n t i f i c d i s c i p l i n e 
t h a t s t u d i e s t h e g e n e r a l r e g u l a r i t y t h a t mus t b e m a i n t e d 
u n d e r d e s i g n . E x p e r i m e n t a t i o n , m a n u f a c t u r e , a c c e p t a n c e and 
u s e of u n i t s i n o r d e r t o o b t a i n e d maximal e f f e c t i v e n e s s 
from t h e i r u s e . 
n 
F a i l u r e f r ee o p e r a t i o n i s t h e a b i l i t y of the u n i t 
t o keep i t s a b i l i t y t o func t ion th rough out a s p e c i f i e d 
p e r i o d of t ime unaer s p e c i f i e d c o n d i t i o n . 
The l i f e of a ur . i t means i t s c a p a c i t y for Extancec 
use under necessa ry t e c h n o l o g i c a l s e r v i c i n g , which may 
i n c l u d e s v a r i o ^ t y p e s of r e p a i r s . At t h e end of the p e r i o d 
de te rmin ing the l i f e the u n i t undergoes p r o c e s s e s a s s o c i a t e d 
wi th wear or aging t h e e l i m i n a t i o n of which e i t h e r imposs ib le 
o r economical ly c o s t l y . I n g e n e r a l the l i f e of a u n i t and 
f a i l u r e of a u n i t i s independen t . 
The m a i n t a i n a b i l i t y of a u n i t i s i t s s u s c e p t i b i l i t y 
t o p r e d i t i o n , c i s cove ry , and e l i m i n a t i o n of f a i l u r e s . I t 
i s c h a r a c t e r i z e d by cu t l=y i n e f f o r t , t ime and money rrade 
an rr.aintance, 
2. 2 RELIABILITY FUKCTIC^N 
Suppose t h a t t h e u n i t b e g i n s t o f u n c t i o n s a t t he 
i n s t a n t t = 0 and t h a t a f a i l u r e o c c u r s a t t h e i n s t a n t t =T 
Where T i s t h e l i f e t ime of the U n i t . Let us suppose t h a t 
T i s a random veuriable wi th d i s t r i b u t i o n 
F ( t ; = p (T < t ) (1) 
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The function F(t) is the probability of failure of 
the unit to the instant t. Let us suppose that the 
function F(t) is continuous and that there exists a cont-
inuous density of probability of failures 
f(t) = F'(.t} 
Thus we have assumed that the life length of a unit 
is a random variable with distribution F(t). 
Let 
R(t) = l-F(t) 
= F(T > t ) (2) 
The probability of a failure free operation of the unit 
during the time t. The most common name for this function 
is "reliability function". 
A typical form of the reliability function is show Fig. 
This function decrease monofically. 
R(0 ) = 1 and R(t) -^ 0 as t-^°o 
R(t) 
\ 
The most important of these is the mean time of failures free 
fj 
free operat ion , which i s defined as the mathematically. 
Expection of the random va r i ab l e T : 
oo 
r 
To = E(T) = J t f ( t) dlt 
i n t eg ra t i ng i^ by p a r t s 
To = t F{t) \ - \ F(t) dt-
by simplif ication 
To = ( R(t) dt (3) 
o 
It is clear that the mean time to is geometrically represented 
by the area bounded by the coordinates axes and the curve 
R(t). 
Another characteristic of reliability is the 
variance is the life length 
V(T) = E(T-To)^= E(T)^ - itCr;i^ 
oo 
= f t2 f (t) dt - T^ 
o 
= 2 \ ^ R(t) dt -T^ (4) 
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2.3 STATISTICAL FAILURE MODELS 
The Hazard-Rate concept or 
The f a i l u r e Rate concept ) 
Let a uni t functioned without f a i l u r e s up to 
the i n s t an t t then what i s the p robab i l i t y t h a t i t wi l l 
not f a i l during the interval ( t , t^^) Let us denote t h i s 
p robab i l i t y by R(t,tj^) Let A denote the event that the 
un i t to function without f a i l u r e during the i n t e r v a l 
(0 , t )and l e t B denote the event t ha t i t funct ions 
without f a i l u r e during the i n t e r v a l (t# t^ ^) Then, p r o -
b a b i l i t y i s the condi t ional p r o b a b i l i t y . 
R(t,ti^) = F(B/A) = F(AB)/P(A), But even- A3 
denotes f a i l u r e free operatior. of the un i t during the 
i n t e rva l (0, t^ ) 
R( t , ) 
The p robab i l i t y of f a i l u r e during the i n t e r v a l ( t - 1 . ) 
F( t j t^) = 1-R(t, t i ) « 1- R(t j ) 
RltT 
R(t) - R(t, ) 
i - . (6 ) 
R(t) 
Let t . = t + A t and l e t A t 0 
F( t , t+ At) = lR(t) -R(t+ At)\ / R(t) 
= R* ( t ; /R( t ) ^ t + 0( ^ t ) 
Let A - -R* ( t ) /R( t ) 
F =(t^^t+^t) ^.^^ ^U) ^t 
i.e. it determines the reliability of the unit at each 
given instant of time. Where A (t) is the probability 
that a unit that has functioned without failure up to 
the instant t will fail in the interval (t, t + A t) 
P| a unit of age t will fail in 
or Ait) = limit the interval (t + -^t) 
^ t — 0 At 
i. e. / (t) = 
l-F(t) 
Now consider 
A (t) = -R* (t) /R(t) 
integrating both side 
t 
R(i) « Exp j - ^ Ms) ds 
o 
t 
or l - F ( t ) = Exp I- f^(s) ds (7*) I' 
3y d i f f e r e n t i a l 
f ( t ) = ^ ( t ) Exp I- \MS) ds 8 
2-» 
The p robab i l i ty of f a i l u r e free operat ion 
during the i n t e r v a l (t^, t ) i s Expressed by 
t^ 
R ( t^ , ^2^~ ^ ^ I /^(s)ds ( 9 ) 
The function charac t r i zed form of the curve 
shown in Fig. I t i s c l ea r from the graph the e n t i r e 
time axis can be p a r t i t i o n e d i n t o three i n t e r v a l s . In 
the f i r s t of these , A{t)has r a the r high va lues i . e . the 
u n i t s f a i l soon they are put i n t o opera t ion . This po r t ion 
i s c a l l ed burn- in- per iod. 
The second period i s ca l l ed normal. 
The l a s t por t ion i s c a l l ed wear-out-per iod i . e 
f a i l u r e r a t e increase 
( t ) 
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THE EXPONENTIAL DISTRIBUTION 
The e x p o n e n t i a l d i s t r i b u t i o n i s i n h e r e n t l y 
a s s o c i a t e d w i t h t h e p o i s s o n p r o c e s s . Suppose t h a t 
random ' s h o k s * t o a d e v i c e o c c u r a c c o r d i n g t o t h e 
p o s t u l a t e s of p o s s i o n p r o c e s s . Thus , t h e raridom number 
of s h o c k s X ( t ) o c c u r i n g i n a t i m e i n t e r v a l o f l e n g t h t 
i s d e s c r i b e d by p o i s s o n d i s t r i b u t i o n 
F | x ( t ) = n | = i Uit}l_ n = 0,1,2 . . . - t>0 
(10) 
Where A i-s the rate at which the shocks occur. 
Consider the satuation wherein the device 
under consideration generates shocks. Which are 
distributed according to the poisson distributed with 
a parameter , / | The device will fail only if a shocks 
occurs and will not fail otherwise . So the time to 
failure of a device 
RCx) c P ( x ^ x) ^ P J no shocks occured during (0, x) j 
Shocks occur according to postulates of a poisson process 
the probability that C stxicks occurs can be obtained 
from eq (10). 
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R ( x } = Exp ( - y^  x ) 
F^(x ) = P (x N^  x) = 1-Exp ( - yi x) 
p . d. f. of X i s g i v e n by 
f (x ) = /I Exp ( - J x : 
For t h e e x p o n e n t i a l d i s t r i b u t i o : . car. be o b t a i n e c i t 
h ( x ) = 0 o s^  x <, A 
= ^ X :^ A 
t h e n ^ x ^ ^ ^ ~ ^ ^ ^ ^ ~ ^ ^^"''^^ ) X :^ A 
= 0 x ^ A 
Where A i s r e f e r r e d t o a s t h e t h r e s h o l d o r t h e s h i f t 
p a r a m e t e r s . 
THE WEIBULL DISTRIBUTION 
T t s a p p l i c a b i l i t y t o a wide v a r i e t y of f a i l u r e 
s i t u a t i o n s was d i s c u s s e d by w e i b u l l . I t h a s b e e n u s e d 
t o d e s c r i b e v a c u m - t u b e f a i l u r e s and b a l l b e a r i n g f a i l u r e s . 
I t c a n be d e r i v e d e i t h e r from t h e h a z a r d 
r a t e c o n c e p t o r a s t h e a s y m t o t i c d i s t r i b u t i o r. of t h e 
s m a l l e s t o r d e r s t a t i s t i c s from a s p e c i f i e d P r o b a b i l i t y 
d i s t r i b u t i o n f u n c t i o n . 
Suppose t h e h a z a r d r a t e t o b e t h e power 
f u n c t i o n of t g i v e n by 
2F. 
/ \ ( t ) = p/cy ( t - « p 
- 1 
= C 
aK 
t <. 0 
< . p V 0 
e ^ 0 
t ^ 0 (11) 
u s i n g e q u a t i o n (8) 
f ( t ) = p/<lC ( ^ ' ^ ) Exp( -p/a^ ) TC 
i - 1 
•; as 
o< 
s-e 
L e t aC = z of s — e 
z — 0 
d s = < d z and S —> t , Z t - 0 
t - 0 p-1 f ( t ) = p/^ ^-^=s~^ ^ p t - e P - (-~^) I ^>^-^ 
F ( t ) = 1 - Exp ( - ^ )^ i t > e 
the ccrrsspcndir.a weibull r e l i a b i l i t y function becorre 
Riz) = Exp - ( ^ ^ ^ )P 
the hazard r a t e i s decreasiig ( increasing ) in t—d if 
3 < 1 If p = 1 Weibull des t r ibu t ion spec ia l i ze s to the 
Exponential d i s t r i b u t i o n . 
Since p cont ro l s the shope of the d i s t r i b u t i o n , 
i t i s ca l l ed the shApe parameter while ^ and © 
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r e f e r r e d t o a s t h e s c a l e and l o c a t i o n p a r a m e t e r s . 
THE LOGARITHIMLC DISTRIBUTIOINJ 
The l o g a r i t h i m i c no rma l d i s t r i b u t i o n i s i r r p l i e s 
t h a t t h e l o g a r i t h m i c of t h e l i f e t i i n e s a r e n o r r r a i i y d i s t r i -
bufed. Hence i t c a n be e a s i l y d e r i v e d by a s i m p l e l o g a r t h m i c 
t r a n s f o r m a t i o n . The h a z a r d r a t e of t h e l o g a r i t h m i c normal 
d i s t r i b u t i o n a s a f u n c t i o n of t i m e i s an i n c r e a s i n g f u n c t i o n 
f o l l o w e d by a d e c r e a s i n g f u n c t i o n . 
L e t T be t h e t i m e t o f a i l u r e random v a r i a b l e of 
a d e v i c e and l e t X •: l o g ^ T be d i s t r i b u t e d n o r m a l l y w i t h 
p a r a m e t e r s 
f ( x ) = • • '• •• E x p 
X- u 2 1 
I t f o l l o w s from t h e above t h a t p . d. f. of T. 
f C t ) = - ^ - ^ 
t V 2 TT 
0 ^ t<&o 
- ^ <.b <°° 
^^ > 0 
1 , , ^ ,2 
X C l o g t-p , 
2 cr-^  
2^ 
The R e l i a b i l i t y function for t h i s 
1 r 2 
R( t ) = - - - - - - I Exp I - x V 2 Idx / 2 7^  J 
l o g ( t ) T o ) A 
THE EXTREME VALUE DISTRIBUTION 
L e t u s c o n s i d e r a random sample of s i z e n form 
on i n f i n i t e p o p u l a t i o n h a v i n g a c u m u l a t i v e d i s t r i b u t i o n 
f u n c t i o n F (x ) where x i s 0 c o n t i n u o u s random, v a r i a b l e 
(_ OD f X < °" ) L e t t h e sample be d e n o t e d a s x . x ^ x 
D e f i n e t h e random v a r i a b l e 
Y^ • min ix^ x^) 
The random v a r i a b l e Yn i s termed the smal les t extreme value. 
ExtrerT« value d i s t r i b u t i o n i s appl icable in the 
weakest component in r e l i a b i l i t y . 
The gna l les t extreme value d i s t r i b u t i o n i s given by 
F ( Y_ > y) = 1 1 - F(Y) l"" 
then the cumulative d i s t r i b u t i o n for Yn i s 
Gn(Y) = 1 | 1 - F C Y : I"" .^<^y.^ 
pdf i s 
- -1 
^ n ( Y } =. n f ( v ) I 1-FCY) ; 
l'\ 
Le t 
/•(x) = e^ -~°<~y.^-^' 
By t h e ec (7 ' ) and (8) 
f x ( x ) = E x p ( x ) E X p ( - x ) _ o « c x < ^ ~ ^ ^ 
FX (X ) = 1 - E x p j - E x p ( x ) j _ .TT. c X ^ ^^  
IHE MIXED DISTRIBUTION 
I t has been a common p r a c t i c e t o assume t h a t 
d i s t r i b u t i o n t h a t a re mixed belong to the same family 
but d i f f e r in t h e v a l u e s of t h e i r p a r a m e t e r s . The mixed 
normal d i s t r i b u t i o n c o n s i d e r by cohen i s c l a imed t o be 
a p p l i c a b l e t o t h e study of wind v e l o c i t i e s and p h y s i c a l 
d imensions of roass-prodxiced i t e m s . The mixed w e i b u l l d i s t -
r i b u t i o n d i s c u s s e d by Kao i s u s e f u l in r e l i a b i l i t y 
s t u d i e s , e s p e c i a l l y those i nvo lv ing e l e c t r o n t u b e s . 
Let Frp ( t ) be the cumula t ive d i s t r i b u t i o n 
" i 
fuHiCticn of a random v a r i a b l e T^ i » 1,2 K.' Then 
a k - f o l d mixed c^d. f i s elefir>ed as 
k 
F^(t ; = T l Pi F^i ^^^ O ^ P ^ ^ ^ l and y p ^ ^^ 
i=l i =1 " 
often F.-,^  (t ) i s r e fe r red to as the i t h subpopulation 
in c .d . f. form ar.d the F^ are ca l l ed the mix parameters . 
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1 ^— i i i 
i =1 
Where f ( t ) i s t h e i t h subpopufa t ion i n pd f form. 
THE COMPOSITE PlSTRIBUTICti MODEL 
The main r e a s o n f o r c o n s i d e r i n g a c o m p o s i t e 
d i s t r i b u t i o n model i s t h a t i t c a n s o m e t i m e s p r o v i d e f l e x i b i l -
i t y i n f i t t i n g and e x p l a n i n g f f a i l u r e d a t a . 
An r - component c o m p o s i t e c . d . f . i s d e f i n e d a s 
Fx(x) = F j ( x ) Sj < X v< Sj^.1 J = 0 , 1 = ^ 
F j ( x ) c a l l e d t h e i t h component of a c o m p o s i t e d i s t r i b u t i o n 
c . d . f . T h e p a r a m e t e r s j a r e t e r m e d t h e p a r a t i t i o n p a r a m e t e r s . 
For s m a l l v a l u e s o f c and l a r g e v a l u e Y t h e 
two f o l d mixed w e i b u l l d i s t r i i u t i o r - i s g i v e n by 
pi 
Fx(x) = 1 - Expl - x/r^^i - 0 < X < S 
= i - Exp I - x/T^^l^a O < X < V • 
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LIFE TESTING 
R e l i a b i l i t y es t im-et ion methods assume t h e 
e x i s t a n c e of f a i l u r e d a t a o b t a i n e d from t h e l i f e t e s t i n g . 
Such t e s t i n g depending on a random sample of n cdevice 
from a hypo thes i zed p o p u l a t i o n of such d e v i c e s i s proved 
on r e s t under sp<='cified environment c o n d i t i o n s , and faixur^^ 
t ime of some or a l l of t h e u n i t s a re obse rved . I f each 
d e r i v e f a i l s i s i nmed ia t e ly r e p l a c e d by a new one . The 
r e s u l t i n g l i f e t e s t i s c a l l e d a t e s t wi tn r e p l a c e m e n t , 
o t h e r w i s e t h e l i f e t e s t i s s a i d t o be wi thou t r ep l acemen t . 
A t ime - t u r n c a t e d (censored) l i f e t e s t i s one 
which i s t e r m i n a t e d a f t e r a f i x e d p e r i o d of t ime has 
l a p s e d . I f t he l i f e t e s t i s t e r m i n a t e d a t a s p e c i f i c 
t ime t o h—foze i l l n i t e m s have f a i l e d a re o f t e n r e f e r r e d 
as type I ce r . so r i r^ of t he l i f e t e s t . 
Type I I censo r ing o c c u r s when t h e l i f e t e s t i s 
t e r m i n a t e d a t t h e t ime of a p a r t i c u l a r ( s o j r t h ) f a i l u r e . 
In o r d e r t o induce f a i l u r e s of v e r y - h i g h r e l i a b -
i l i t y d e v i c e s , spec ia l t e s t i n g methods known a"? a c c e l e r a t e d 
l i f e t e s t s a re used. 
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ACCELERATED LIFE TESTS 
Many d e v i c e such a s e l e c t r o n i c i t e m s h a s v e r y 
h i g h r e l i a b i l i t y when o p e r a t i n g w i t h i n i b e i r i n t e n d e d normal 
u s e e n v i r o n m e n t i n a c c e l e r a t e d l i f p t e s t i n g i n v o l v e s o b s e r -
v i n g t h e p e r f c r r a n c e of t h e s e k i n d (r.avir-g h i g h r e l i a b i l i t y ' ' 
of d e v i c e o p e r a t i n g a t h i g h e r s t r e s s le</e i t h a n u s u a l 
t o o b t a i n f a i l u r e s more q u i c k l y . I n o r d e r t o s h o r t e r 
p r o d u c t l i f e i t i s a w e l l e s t a b l i s h e d e n g i n e e r i n g p r a c t i c e 
t o u s e c e r t a i n s t r e s s e s o r a c c e l e r a t i n g v a r i a b l e s such 
a s h i g h e r l e v e l s o f t e m p r a t u r e v o l t a g e p r e s s u r e , v i b r a t i o n 
e t c . t h a n t h e normal o p e r a t i n g l e v e l . 
The main d i f f i c u l t y of a c c e l e r a t e d l i f e t e s t i n g 
l i e s i n u s i n g t h e f a i l u r e d a t a o b t a i n e d a t t h e a c c e l e r a t e d , 
o r h i g h e r s t r e s s , c o n d i t i o n s t o p r e d i c t t're r e l i a o i i i t y , 
nie an l i f - ? , o r t h e s e q u a n t i t i e s u n d e r t h e " c r r - a l u s e 
c o n d i t i o n . E x t r o p o l a t i o n fro.r. t h e a c c e l e r a t e d s t r e s s e s 
t o t h e normal u s e s t r e s s i s done by c h o o s i n g an a p p r o p r i a t e 
model c a l l e d an a c c e l e r a t i o n m o d e l . The c h c i c = of as. 
a c c e l e r a t i o n model c a l l f o r a k n o w l e d g e of t h e v a r i a t i o n 
of f a i l u r e b e h a v i o u r w i t h e n v i r o n m e n t . 
I n p a r a m e t r i c me thod t o i n v o l v e s f u n c t i o n a l 
r e l a t i o n s h i p , b e t w e e n t h e p a r a m e t e r s o f t h e f a i l u r e 
d i s t r i b u t i o n and t h e e n v i r o n m e n t a l s t r e s s e s . The r e l a t i o n -
s h i p may a l s o i n v o l v e unknown p a r a m e t e r s . 
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I n non p a r a m e t r i c a p p r o c h e s . W h e r e no s p e c i f i c a t i o n form 
of an f a i l u r e d e s t r i b u t i o n i s s p e c i f i e d , t h e c h a n g e i n 
t h e f a i l u r e d i s t r i b u t i o n due t o a change i n e n v i r o n m e n t a l 
s t r e s s i s assumed. 
xour c c c e i e r a t e c r o o e i s are usee. 2 . e . p o ^ e r 
r u l e m o d e l , A r r h e n i u s mode l , t h e E^'ring m o d e l , and t h e 
g e n e r a l i z e d E y r i n g m o d e l . These m o d e l s w i l l b e d i s c u s s e d 
by Mann. S c h a f e r and S i n g h p u r w a l l ( 1 9 7 4 ) . 
ACCELERATION MODELS 
The u s e of a c c e l e r a t e d t o l i f e t e s t i n g t o 
make i n € e r e n e s a b o u t t h e normal- u s e l i f e d e s t r i b u t i o n 
r e q u i r e s a model t o r e l a t e t h e l i f e l e n g t h t o t h e s t r e s s 
l e v e l s t h a t a r e t a p p l i e d t o t h e i t e m s beir^g t e s t e d . 
I n p a r a m e t r i c suppose l i f e t i m e random v a r i a b l e 
X^ of i t e m s i n an e n v i r o n m e n t d e s c r i b e d by a c o n s t a n t 
s t r e s s l e v e l V, h a s a p r o b a b i l i t y d i s t r i b u t i o n F ( t , ^^) 
d e p e n d i n g on a r e c t o r or p a r a m e t e r s © i . Two a s s u m p t i o n s 
which a r e mode ( r a n . s c h a f e r and s i n g h p u r w a l l a ^ 
1) The chang i n s t r e s s l e v e l d o e s n o t c h a n g e t h e t y p e of 
t h e l i f e t i m e d i s t r i b u t i o n F*^  Ct, 9) b u t c h a n g e s o n l y 
t h e p a r a n e t e r v a l u e s . 
i i ) The r e l a t i o n s h i p b e t w e e n t h e s t r e s s l e v e l V and t h e 
p a r a m e t e r s 6 s ay G = m ( V ; ^ B - ) i s known 
e x c e p t f o r one o r more of t h e a c c l e r a t l n g p a r a m e t e r 
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(<3C6*>*- and tha t the r e l a t i o n s h i p i s va l id for a c e r t a i n 
range of the elements of V, The objec t ive here i s to obtained 
estiraes. The parameter^g^B - base on l i f e t e s t data obtained 
at l a rge values of V and make in te rences about 6 for 
the normal use s t r e s s V . 
The exponential d i s t r i b u t i o n with parameter i s 
widely used as a l i f e time d i s t r i b u t i o n so the acce le ra t ion 
models wi l l be discussed here for exponential d i s t r i b u t i o n . 
Such authors have consider other l i f e time d i s t r i b u t i o n s 
such as Weibul (Mann and Nelson 1975) ; extreme value 
(Micker & Nelson 1975) , lognormal (Nelson Kie lp insk i 1976) 
Suppose t h a t under constant app l i ca t ion of 
s ingle s t r e s s at l e v e l s V,, the item being t e s t e d has an 
expcnenriai l i f e time d i s t r i b u t i o n with mean b i 
f ( t , A ) = AL Exp (- / t i t ) t >yQ, i->/C 
s= 0 otherwise 
Then Ui = l//»j i s the mean time t o f a i l u r e 
under s t r e s s l eve l V.. 
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1) POWER RULE MODEL 
This model can be aerived by consideration: 
of kinetic theory anc activation energy. This model 
has applications to fatique testing mode*. 
^i. = "^V'^ <^0/ p > 0 
mean t i m e of f a i l u r e JQ d e c r e a s e s u s t h e p t h power of t h e 
a p p l i e d v o l t a g e V. I t i s d e s c r i b e t o e s t i m a t e «£ a anc p 
from l i f e t e s t d a t a a t s t r e s s l e v e l V. V, and mak"^  
i n f e r e n c e a b o u t p = 1 / ;^o a t t h e n o r m a l u s e s t r e s s 
i i ) THE ARRHENIUS MODEL 
T h i s model e x p r e s s e s t h e d e g r a d a t i o n r a t e of 
a p a x a r e t e r of t h e d e v i c e a s a f u n c t i o n of i t s o p e r a t i n g 
ce.—r a ' u r e . 
/ ^ i = Exp (^ - p / v i ) 
I t i s u s u a l l y a p p l i e d t o t h e r m a l a g i n g ( l i k e s e m i -
c o n d u c t o r ) , 
Where V = t e a p r a t u r e s t r e s s m. <C u ^ a r e 
unknown p a r a m e t e r s t o b e e s t i m a t e d t o nake i J i t e r e n c e 
a b o u t Ao a t n o r m a l t e m p r a t u r e s l e v e l V . 
o 
i i i ) THE EYRI^G MODIX FOR A SINGLE STRESS 
T h i s mode c a n be d e r v i e d from p r i n c i p l e s of 
quan tum m e c h a n i c s and I t s e x p r e s s e s t h e t i m e r a t e of 
3B 
d e g r a d a t i o n of some, d e v i c e p a r a m e t e r a s a f u n c t i o n of t h e 
o p e r a t i n g t e m p . 
/ ^ i = Vj^  Exp (oC - p / V i ) 
TH? GZl^LR^LlZZ^ EYRING MCDEL 
T h i s mocel h a s a p p l i c a t i o n s t o a c c e l e r a t e d t e s t i n g 
of d e v i c e s u b j e c t e d t o a c o n s t a n t a p p l i c a t i o n of two t y p e s 
of s t r e s s e s o n e t h e r m a l and one non t h e r m a l , 
^ i = Ti Exp ( -B/KTi) Exp (Y V^ ^ -, V^ /KT^ ) 
where a, B, Y, c' a r e unknown p a r a m e t e r s t o be e s t i m a t e c 
K d e n o t e s B o l t z m a n n ' s c o n s t a n t . T. i s t h e r m a l . s t r e s s 
l e v e l and VJ i s t h e non t h e r m a l s r r e s s . 
I n p a r t i a l l y n o n p a r a m e t r i c a p p r o a c h e s t o i n f e r e n c e 
from a c c e l e r a t e d l i f e t e s t s , no p a r t i c u l a r form of t h e 
l i f e t i m e d i s t r i b u - : : i c r . 1= assumed b u t an a c c e l e r a t i o n model 
i s u s e d (See f o r Exp. Shaked , Z i m r e r and B a l l 1 9 7 9 , 
Se thurman and S i ' c a p u r w a l l a 198 2 . Shaked ana s i n g a p u r w a l l a 
1982 . Basu and E i rah jn i ) assumed t h a t t h e K a c c e l e r a t e d s t r e s s 
l e v e l s V, V, w e r e s e l e c t e d of s t r e s s e s 
v . , V. i , j = (.^  1 . K a known f u n c t i o n e x i s t e d . 
The l i f e t i m e d i s t r i b u t i o n s a t i s f i e d . 
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Fvj( t ) = Fv^ I m( a , V^, v . , t ) I t > 0 
a i s an unknown parameters the form of F • i s not assumed 
to be known var ious choices of m gives the ^ower r u l e , Arrherxvs 
r u l e . Eyeing e t c acce le ra t ion models. 
The references assume, models for specia l cases of m. 
In a t o t a l l y nonparametric s e t t i ng the re i s to no 
assumption mace about the form of l i f e time d i s t r i b u t i o n 
at the var ious s t r e s s l e v e l , nor about the form of a c c e - i e r a t i o r 
model. In t h i s s e t t i n g the l i f e time d i s t r i b u t i o n are 
S tochas t ica l ly ordered with respec t to increas ing l e v e l s 
of s t r e s s ( Barlow and schever 1971) or tha t the l i f e 
time d i s t r i b u t i o n a t two d i s t i r j c t - s t r e s s l e v e l s d i f f e r 
only by a sca le chang. For these procedurt s. I t must be 
assumed t h a t f a i l u r e data are ava i l ab le from the normal 
use s t r e s s as well as from acce le ra ted s t r e s s e s . 
The design of acce le ra ted l i f e t e s t i n g exper i -
ments involve the s e l ec t i on of s t r e s s l e v e l s , and the 
number of items t o be t e s t e d at each s t r e s s l e v e l A nul -
designed es t imates and allow for censor ing. 
3.-; 
C H A P T E R - I I I 
OPTIMUM SIMPLE STEP^STRESS ACCELERATED LIFE TEST 
FOR WEIBULL DISTRIBUTION AND TyPE I CENSORING 
Accelerated l i f e t e s t i n g of a product or 
matar ia l s are used to get informa^on quiclcly on i t s 
l i f e d i s t r i b u t i o n . The u n i t s are run at higher than 
usual l e v e l s of s t r e s s t o indxice early f a i l u r e s . The 
t e s t data obtained at the acce l era ted c o n d i t i o n s are 
analyzed i n terms of model and them Extropolated to 
des ign t o e s t imate the l i f e d i s t r i b u t i o n * 
The step s t r e s s t e s t requires the s t r e s s s e t t i n g 
of a uni t t o be changed at pre s p e c i f i e d t i ines or upon 
the occxirance of a f i x e d number of f a i l u r e s and has been 
used for l i f e t e s t i n g s * 
To descr ibe the f a i l u r e mechanism of the t e s t 
u n i t s we assumed the weibul l d i s t r i b u t i o n and s t r e s s 
Chang time and low s t r e s s are s imultaneously determined. 
I t i s assumed that a l og l i n e a r r e l a t i o n e x i s t s * between 
the waibul l s c a l e parameter and the s t r e s s t h a t weibxill 
3!. 
shape parameter i s constant and i s independent of the 
s t r e s s and t h a t a c e r t a i n cxoinulative Exposixre model 
holds for the e f fec t of changing s t r e s s . The asymtotic 
variance of the maximum l ik l lhood est imator (MLE) of a 
s t a t ed p a r c e n t i l e at design s t r e s s i s vised as an o p t i -
mal i ty c r i t e r ion* 
Notation X 
Sd I Design stress level 
Sn : prespecified stress level 
S,,S-S„ i: teat stress levels i * n-»x 
T^ » Stress change time from 
^1 ^° ^i+1 i = 1' 2 h-l 
^ ; Standarized s t r e s s 
X . '"^ '^ 
Sn- Sd 
li : Cenaoring t i n e 
X* t StandBized s t r e s s change time 
• ^ 1 
x^ - - ^ 
n 
1 (I 
B, € t Sh^e and scale parameter of the weibull 
d is tr ibut ion. 
>u ,^ t Location and scale parameter of the smallest 
extreme value dis tr ibut ion 
<),(•)# ^(.)# ^ ^») t pdf, cdf and r e l i a b i l i t y function 
of the standard smallest Extreme value d is tr i -
but ion* 
Y : Life of an item under step stress ALT 
f(.) F(.)i pdf and cdf of Y 
y » 100 ath percentile of the smallest extreme 
value distribution with parameters { y^'^ ) 
at design stress S, 
Z : 100 qth percentile of the standard smallest 
extreme value distribution 
Z « log [- log (1-q) ] 
*^ o , 1 i parameters of log- l inear relation; model 
V "T, » Parameters of standarized log l inear model o 1 
P^ ^h * Probabi l i t ies that a unit wi l l f a i l by t^  at 
8^ and Sn 
THE HCDEL .^ ND BASIC ASSUMFTICK i 
1. n test stress level S, S« S are used where 
1 2 n 
S may be a possibly transformed one. 
2. At any s tress s, the l i f e times of the t e s t 
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u n i t s follow a weibull d i s t r i b u t i o n with shape 
parameter p and scale parameter 
0(S) - Exp ( «3<^  + <K s^) 
i . e . log l i f e ^ijnes followes a smail extreme value 
d i s t r i b u t i o n with loca t ion parameter. 
M(S) « log (e is)) - °<o + o(,s 
and sca le parameter 
1 
xT « — 
0 
3» The weibull shape parameter p i s cons tant and i s 
independent of th^ s t r e s s . 
4. A c e r t a i n cumiiiative expouse model hold. 
5. Test un i t are run simultaneously and t h e i r l i f e tiroes 
are continuously observed. 
6. The l i f e t imes of t e s t u n i t s are independent and 
i d e n t i c a l l y d i s t r l b o t e d . 
Test procedure 
1. Each of t e s t u n i t s I s i n i t i a l l y placed on s t r e s s S^  
2. If the u n i t s does not f a i l during ( T- *- T.) 
at s t r e s s S, than the s t r e s s changed t o S ^ 1 ^ n—1 
at T. , i = 1,2 h-1 , T ° ° 
J- O 
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3. The t e s t i s cootinued unt i l a l l units f a i l 
or a prespecif ied censoring time n at Sn, 
STANDARIZED MODEL 
Let Define the standarized stress as 
^ • s - s 3-^ 
^n ^d 
Where S, and SL are the Design and the prespecified 
highest stresses, respectively. Then the location 
parameterizes) of log life time distribution of units 
tested as S can be rewritten in terms of as 
Let ¥j^ (y) » 0 and 
k=l 
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First part ia l derivatives of 1 with respect to 
Y * Yi and ^ cire o ' 1, 
dl i z,(y) 
H U^(y} Ce ^ - i ) *"n+i^y^ « 
2n(n) 
1 .1 
d l . 
dY. 
1 z , (y ) 
d l 
d ^ 
1 k ^ r , 2.(y) I 
22 U-(y} ^2^(y) (e ^ -1) -1 j 
i - 1 
Second part ia l derdvatives with respect to y # y^> and ^ 
Let 
V,(y) 
1-1 
k» 1 
^ > 
. ) C ^ . t . ) ^ e V . ( V \ ^ 
1 k 
^y-^/-i * ^1-1 ^ 
- ¥ . ^ ( y ) 
for 1 = 1,2,. 
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d^l 
- ^ 
d^l 
^ 1_ d l 
T dY 
1 
cr2 
z' 
1 ) 
{ h 
djfdY, 
d ^ ^ 
d ^ d Y , 
1 . d l d l V 
"^ dY^ d '^ 
i h h 
rT-2 i .t— i » l 
i » l 
d h _ 1 W u 
dY: <r' i = l 
^ 2 2 . ( y ) 
( t i -V^(y) )^ e ^ + "h+l^y^ l ^ « K ^^> +(1-Wn^^^^ e? 
zh(n) 
d^i 
d TdY-
1 d l 1_ '^ n 
- - ^T 1 y C,(y) j ( t , , - \^ , (y ) )Z . (y ) 
i » l 
e^^^y' + ^ « i ( y ) 1 + U^^^ (y) 1 1 - \4 t , (V|Zh < V e ^ ^ ^ ^ 
dn 
^ 
d c r 
« - l d l _ _ l _ - ' \ . i l U^(y)+ T : U (y) Z^(y)e ^ 
z. (y 
I i -1 i » l 
+ ^h^i <y> K (r^) e 
Z^Oj) 
4^ 
E x p e c t a t i o n s of Random Q u a n t i t i e s i n t h e second 
p a r t i a l d e r i v a t i v e s a r e exp res sed as 
1. V^(Y) Z^ (y) e^ ^i^^^ (m^n ) = ( 0 , 0 ) , (1 ,0) (2 ,1 ) 
2. U^^(y) 
3. Ui(y) W^b) 
4. U^(y) Vi(y) e'" ^i^^^ 
5. u^iy; (^.W,(y> ^ z j (y) e^ ^^ ""^  = ^^'"^ = (2 ,0 ) ( i , i ) 
Let -^^ = - o o -g^ ^ Zj^(T^), i = 1 , 2 , h-1 
and %^ «: Z^Clr^ ) a l so l e t 
: m = 0 ,1 
k=l 
i - I 
k«l i= 2-,^  -- ^ 
Expectat ions of t h e s e q u a n t i t i e s obta ined as 
U E| U2(y)z^ (y) e° "^ i ^ I = J ^^ e""^ >8 (i> dt 
^ i - 1 
2- E|Uj^^^ (y) j = 1 - ^ (ij^) 
4f. 
I 
r 
'i-1 
-g i 
5. E 0^(7) ( t i - Vi(y))" z° (y) e'^'y' 
The Fisher information matrix for an observation can 
be obtained by substi tut ing the randoir. quant i t ies 
in the second pa r t i a l der ivat ies of 1 by the i r expecta. 
t ions since 
E ( ^ i - ) = E ( ^ i - ) = 0 and 
' ^ o < ^ 1 
E ( 5 ^ ) =u 
For san^le (h s 2) steep 
Stress t e s t (ALT) i s given by 
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F(Y^, ^ 1 ' ^^ = 1 
^ 2 
U^+A^ U^ + A3 
" 0 * ^ 2 ^4 
" 0 - ^ ^ 
" 0 - ^ ^ 
Where 
U -^ ( t i ) ^ i \ ) + I ^ ( ^2) . ^ ( \ ) J 
^, 
i = 0^ 1,2 
^± Aj = K2 ( ^ - 1 ) e p ( t ) dt 
2 
t p ( t ) dt 
k^ (0--1) 
2 
?". 
e t>(dt) + 2 k - ( ~ - l ) \ o-r 
^ ^ e (J(t)dt 
< , 
f= • - & . -^. 
'; t e' n«dt * J" I, t^ ^ ^ j ^ . , . . , . - .,p(,,^. t , . ~ t , 
A 
+ Zj^H) f (22^^^ ^ ^ ^1 - ^ 1 \ V n- T^  + f^ 
^ " f t^ e^ 9 (t) dt + 2 2 (t^) ^ (Z2(H) ) 
4S 
Asymptotic variance of the MLE of 100 gth p e r c e n t i l e 
of Design s t r e s s . 
The RLE of the 100 qth p e r c e n t i l e Y^ ^ at S, i s 
yq = To + ^p^ ^3.2) 
-N 
Where Y , Y & '5~ are the MLE q 'o 
and Z c log [ - log (1-q) ] i s the 100 qth p e r e n t i l e 
of the standard sroedlest Extreme value d i s t r i b u t i o n 
The asymptotic variance of y i s asvar (Y ) = asvar 
(Y^) + Z asvar ( ^ ) + 2 2„ ascot' ( Y , r ) 
^ q ^o 
For the asyn^itotic covar ianoe matric of the 
majcimum l i k e l i h o o d e s t imates yo , "%!, and JT i s the 
inverse of the corresponding Fisher information matrix 
F'^^Yo' Y a ' ^ > « I ^^^^o^ "^"^ ^^o' ^ > Cor(Y^^ ) | 
i iDor {Y^,Y,) Var(Y,) Cor(Y,-^ )! 
o 1 1 1 I 
I cor iY.T) Oor(Y, ^ ) ¥ar ( 
• o 1 
The r e l a t i v e s i z e of the variance and 
covariance at the t e s t s t r e s s e s d e t e m i n e t h e p l a n s . 
Since asyinptotic v a l u e s a l l tends t o error In the 
same d i r e c t i o n , they p a r t l y compensate each other 
and reduce the error i n a p l a n . 
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OPTIMUM DESIGN OF THE SIMPLE STEP STRESS TEST 
The optimuiti p l a n d e p e n d s on t h e t r u e model 
p a r a m e t e r v a l u e s . 
L e t pd f p h b e t h e p r o b a b i l i t i e s t h a t an 
I t e i r t e s t e d or-ly a t Sd ( "^ =0) ar>d a t Sy,( "^ ^ =1) 
r e s p e c t i v e l y , w i l l f a i l by t h e c e n s o r i n g & t i m e \ i . e . 
l o g {t{) -Yo 
bd - ^ ^ -^ ^ 
and 
^ ^log (n) - To- Yi ^ 
The Fisher information matrix and the asymptotic 
var ianer can be wr i t t en in terms of design p a r a r t e r s 
^~ (pd), ^~ ipu ) and (or p p. and ) and s tandar ized 
s t r e s s charge time x ' s (x^ = T . / 't^ and s t r e s s l e v e l s 
In the Fisher information n a t r i x we have to 
show t h a t the v a r i a b l e s B\ =( 6^/^) # i-^* Jc^, ^ i , Vj^ (lc^ ) 
and ^i*^t^^ can be represented by ^~ (Pd), fr" (Ph), T 
^ i anc x^ where i « 1,2, b 
iiO 
Si = H tXi-x,_,) ExpU - C r ' t P n - t"'(Pd) t ^ i ^ r ' l ) 
i « l 
-^ = I log (T^ - T _^^  ^ <^ _^^ ) - / 6 ( t ^ ) I / ^ 
- 1 
log ( x^ - x^_^ + 6* .^  ) /-r + ! 1^  (Pd)+ ^-,(V"-
<J"^ (Pd) 
K,« 'f:' c T,^. T^^p < ^ i - \ > « '^ '^^ *'^  
Ikr. 1 
i - 1 
k= 1 
( Xv -k '^k-1 
t 
Xv 1 ) ^^1 - \ > Exp-1 -^W'^^P«3)* 
+ ^k I r ^ (Ph> - r ^ (Pd) ] I 
/^i 
i - i 
L ^ W i > <^i-V 
k« l 
2 ^-ii(' '^k) 
i - 1 
r 
k«l 
( ^ - ^k.1 ^ ^ "^ 1 - ^ ^ ^ Exp i - r [ t - l (Pd) 
+ "^n J ^-^ (Pn) - t"^ (pa) ! 1 
Xth^) h - 1 
r ' H^ - \ . i ^ <i- s> •^'''- ^'' /kr^fh-ij 
k » l 
b ! 
h-1 
- r ^ iP-^ - 5 (1-^-^) I ( 1 - x^^_i -e S*,i ) 
h-1 
h=i 
^^ V l * «n.l^ 
- ^h^n) 
h-1 
Z_ (xn- x ^ ^ ) ( l - ^ K ) ^ EXF 1 ^ ( f ^ (Pd) 
h-1 
- f '(P^) (1- '-h) / i i . x^^ + B;_, I 
- - h (A^  
Let a & b defined as 
a = t"^ tPjj ) and b -= "^"^  (P^) - ^ ' ^ (P^) 
For the va lues of a & b and ^ f ind the va lues of 
X, and ^1 minimizing asrar ( y ) = a s r a r 
(^Q) ••• Zg asvar( T" ) + 2 Z ascor(y^, ^ ) 
log 
life 
A 
log(rj) 
MO 
= ~ ( b ( 7 ) ^ 4 - ( a - b ) ( 7 ! 
Rgure J. Standardized log-linear model in terms of a. b, and a 
i^=l standardized 
stress level 
5'', 
The mininRum var iance for a sample s ize n 
Var (Yg (1) = T"V/n 
the variance fac tor v are functions of a, b and q. 
We note t h a t 
(a-b) = (log (Ji) -Yo ) / ^ 
and b = -ViAr 
are s tandarized Intercept and negative slope of 
the s tandar ized log - l i n e a r nodel 
1) Figure shows tha t 
(a) Pd & Ph are r e l a t e d with y^ , ^ i ^"^ ^°9 ^ ^ 
(b) The l i n e connecting l oca t i on parameter y^ and YQ +YI 
of the l i f e time d i s t r i b u t i o n at ^ d and ^h i s the 
s tandar ized log l i nea r modal which represented in 
terms of a, b and .'^" 
5> 
C H A P T E R-.lVth 
OPTIMAL DESIGN OF PARTIALITY ACCELERATED LIFE TESTS FOR 
THE EXPONANTIAL DISTRIBUTION UNDER TyPE-I CENSORING. 
I n a p a r t i a l A c c e l e r a t e d l i f e t e s t . I t ems are rur. 
at both a c c e l e r a t e d and use c o n d i t i o n s u n t i l a p r e d e t e r m i n e d 
t i m e . To s h o r t e r t h e l i v e s of t e s t i t e m s i s a u s e d a c c e l e r -
t e d l i f e t e s t o r p a r t i a l l y a c c e l e r a t e d l i f e t e s t . I n an ALT, 
t e s t i t e m s are run o n l y a t a c c e l e r a t e d c o n d i t i o n s . While i n 
PALT at b o t h a c c e l e r a t e d and tise c o n d i t i o n s . For t h e c o n s t a n t 
s t r e s s ALTs where t h e t e s t c o n d i t i o n of an i t e m i s c o n s t a n t 
over t i m e . N e l s o n (1990 , 1995) and N e l s o n & Hahn ( 1 9 7 2 , 7 3 ) 
p r e s e n t e d methods o f e s t i m a t i n g t h e p a r a m e t e r s . When l i f e 
t i m e s f o l l o w a w e i b u l l or lo^normal d i s t r i b u t i o n K i e b p i n s k i 
& N e l s o n ( 1 9 7 5 ) . N e l s o n & Meeker (1978) and Meeker (1984) 
c o n s i d e r t h e d e s i g n of t y p e I c e n s o r e d ALTs which min imize 
t h e a s y n p t o t i c v a r i a n i c of maximum l i k e l i h o o d e s t i m a t e s (MLE), 
De Groot & Goel (1979) c o n s i d e r a PALT i n which 
a t e s t i teot i s f i r s t r « i a t use c o n d i t i o n and I f d o e s not 
f a i l f o r a s p e c i f i e d t i ine Xi "them i t i s run at a c c e l e r a t e d 
c o n d i t i o n u i r t i l f a i l u r e . Thus 
Y« T Of T -^  T 
and Y « X + f"^ ( T - r ) i f T :^  X" 
0 I 
Where T i s the l i f e time of an iterrs at use condition 
and Y i t s t o t a l l i f e time. Assuming that T follows 
an Exponential distr ibution with hazard rate 1/0 and 
using a Bayes approach they obtained estimators of p and © 
and optimal change time ^. 
Bhattaicharyya & Soejoetic (1989) proposed a 
fai lure rate model in which 
h'(y) « h(g) i f y ^ X 
and h*(y) » p h(y) i f y > X 
where h & h* are the fai lure rate function of T and Y. 
The step FALT allows the best to be changed from 
use to accelerated condition at a specif ied time, the constant 
PALT runs each item at either use or acceserelated condition 
only. 
For items having constant hazard ( f a i l u r e ) - r a t e , 
the hazard rate at tise condition and the acceleration factor 
which i s the rat io of the hazard rate at accelerated 
condition to that at the use condition are estimated by 
maxinum l ike l ihood. 
In part icular , for the problems where one vanl.s to 
5r> 
t e s t only at a specif ied acceleration condition and 
extropolate the data to estimate the hazard rate at 
use condition, one has to know the value of the acce-
lerat ion factor. In such case an optimally designed 
step or constant PALT i s a very useful. 
Generalized asymptotic varionce of MLE's of 
the acceleration factor and the hazard rate at use 
condition i s useful to estimate both the acceleration 
factor and hazard rate of use condition. While asymptotic 
varionce of L^E of the acceleration factor i s useful 
to extropolate the fa i lure data at accelerated condition 
into use condition. Therefore i t i s important to estimate 
acceleration factor sore precise ly than the hazard rate 
at use condition. Minimization of the asymptotic 
remance of MLE of the acceleration factor i s a better 
cr i ter ion than minimization of the generalized asynqptotic 
variance of the MLE's of the acceleration factor and the 
hazard rate at use condition. 
NOTATION 
n 
T 
Y 
X 
^ 
X 
t 
Pu 
a 
t o t a l numbers of t e s t Item i n a PALT 
censoring time of a PALT 
Li fe time of an iteir 6t use c o n d i t i o n 
Total l i f e time of an steam i n a s tep PALT 
Life time of an iterr. at acce lerated c o n d i t i o n in a 
constant FALT 
hazard ( f a i l u r e ) ra t e of an item at use condtion 
Acce lera t ion fac tor ( ^ ^ 1 } 
Change time in a s tep PALT ( f y\) 
T/n 
Proportion of sample a l l o c a t e d t o acce l era ted 
c o n d i t i o n in a constant PALT 
{ Probab i l i t y that an items f a c t s at use cond i t ion in 
step PALT 
P (u) « 1 - e"'^ "^  
I p r o b a b i l i t y that an items f a i l s at a c c e l e r a t e d 
c o n d i t i o n i n a s tep PALT 
^a = e- ^ t ( l.e-P ^ < Vt) ) 
t P r a b a b i l i t y tha t an i tems t e s t e d only at use cond i t i on 
f a c t s by 
P ^ ^ ) = 1 - Ext i-A\) 
I p r o b a b i l i t y that an i tems t e s t e d at a c c e l e r a t e d 
c o n d i t i o n f a i l s by 1^  
P^ (t^ ) = 1 - Exp ( -p ;i y^) 
: 1-P. 
r r 
TEST PROCEDURE AND ASSUMPTION 
Each of n t e s t i tem i s f i r s t t e s t e d at u se 
c o n d i t i o n and i f i t d o e s not f a i l at use c o n d i t i o n by X* 
the n i t i s put on a c c e l e r a t e d c o n d i t i o n and run u n t i l 
c e n s o r i n g 1^ . 
I>-C Groot and Goel (1979) c o n s i d e r t h e a s sumpt ion 
t h a t , t o t a l l i f e t ime Y of an i tem i s 
(T X T S T 
X + p~ ( r - ^ ) o t h e r w i s e 
l i ) The l i f e t i m e o f an i t em at use c o n d i t i o n 
f o l l o w s an e x p o n e n t i a l d i s t r i b u t i o n w i t h h a z a r d r a t e A 
i i i ) The l i f e t ime of t e s t i t e m s are s - i o d e p e n d e n t 
ESTIMATION METHOD 
Maximum l ikel ihood i s used to es t iaate p A, from the 
t e s t data. The value ^ i s determined t o minimize either 
the generalised asymptotic variance of p , /^  or the asymptotic 
variance of p 
The l i f e times Y- Y„ of n t e s t items 
are i . i . d r.v*s . 
5^ i 
Y^ t Observed, va lue of t o t a l of l i f e time Y^  of 
Item 1 
^ l i ' *5i * Indicator funct ion 
S i i I (^i ^ t ) 
^21 « I C t < Y i < (V\) 
^(1) <^  ^<:y^^ < t v< y (nu+1) y (n^ +n^)\<^^ 
ordered f a i l u r e t imes 
"*., '^. » numbers of i tems f a i l e d at use , a c c e l e r a t e d cond i t i ons U# a 
The l i k e l i h o o d for (y^ ,^ S^^ 5 ^ ) and the t o t a l 
l i x e i i h o o d for ( y^ 6^^ S^^ y^^ S^^^ fi^n ^ 
are 
^ l i 
- i ( P ' ^ ^Yi* S i i ' S^^) - j ./^Exp(-^y^J| j /^ E3cp(-;\(t+P<yi-'Sii) 
S £ 
Exp (- Ail^ if^p I ^^ 21 
I f t t t 4 » i 
n 
L(p, ^ ) « IT i-i (P, ^ , y j ^ , 6^^, B^i) 
i « i 
. ^ ^ l i 
l/ExpC-^y^ ) I i.p^^p , . ^ (t^(y^-T) > I 
GO 
# # # » 4 .2 
taking In both side* 
In L(p, /^  ) = T f i i i I n j / E x p (- /ITY^^ ) | + I S j l ^'^^ '^ P 
Exp (- / (t+p (Syi - t ) I + IB^^ lE^i In i 
Exp (- /* ( t +P (^T) I 
Lett ing the p a r t i a l d e r i v a t i v e s of In L ( p,/» ) w . e . f . 
;l,p be zero . 
A 
/* = 
After 
n 
n 
i =1 
siirplif icat ion we get 
n 
^^ i t l 
^ Y 
i-=l 
h 
= n ^ / (n- n )^ t -^  y y ( i ) ^ . 3 
i+1 
^ n n a 
P - 1 Z S2i / E (1-s^^ - s^ )^ (VT) * E s^i Y J /;r 
i fcl i - 1 i « l 
= | n ^ (n.n^ - n^) ( ^ t ) * ^ ^ (n^ *i ) I / ^ - " 4.4 
i= l 
b l 
The f isher information matrix F ( ^ , >l ) i s obtained by 
taking negative S- expecta t ions of t he second p a r t i a l 
de r iva t ives of h L (^, ^ ) with respec t t o B an from (1) 
d - L n L ^ ( p , / ; / d?^ = - ^2i/ ?^ 
2 
d^lu L^(p, ^ ) / d / ^ - - (S^i + S2i ) / ^ 
d^m L^(p, ^ ) / dpcM = ( 1 / ^ ) (dh L i ( p , / ) ) . 62il tP-^ > 
E [ dhLi O , /i ) / dB j -=0 and S^^ , S2i =1 
p = [ 1- Exp (- /A X) ] 
P . Exp (- • T) [ 1-E3CF ( - P /^  CVt) 1 
hence 
« P 
u ^ hi l 
E lS2il - ^a 
E | - d \ n L^ (^, / ) /d / ^ J « ^ u - ^ / '^  
E j - d InL^ (p . / ) / d? j = P g / ^ ^ ^ 
n 
F(p, A ) 
n 
i» 1 
\ -d^ln L i ( p , / ) / dB^ ^ 2 ^ E 
i= l 
- d In Li( y. 
n 
i » l L ^ i =1 -
Pa/ <P^> 
<Pu -^  ^a> / ^ 
4 .5 
For the asymptotic variance and covar ian ic matrix of p 
F~^ {B,A ) 
^ a ^ u 
/ ^ ' 
^u ^ ^ a / / ^ ' 
-P / P.^  
- P^/ P/ 
PyP' 
The genera l i z ed asymtotic var iarce of p and 2 ^^^ asymtotic 
A 
variance of p are 
A A 
ga As Var( ^» A ) 
2 2 
i -q ; <ii< i-.r''' 
4 . 6 
As var (p) 
n 
L 1 - q^  %<^-x^-'' 
4.'? 
b,i 
Theroems 1 & 2 give the optimal change items in a s tep 
PALT at which the t e s t i s changed from used to acce le ra ted 
condi t ion . 
Theorem 1 
The optimal change time minimizing 
ge As var (p , jj ) i s 
TJ = " ^ X where T^ i s the unique 
Solution of 
''-o ^^  - ^1 ) - d - q ^ ) [ 1+ ( Inq^ /m q^ -1) q^^" | »0 
Proof 
L.H,S. of eq (4.8) is strictly decreasing for "^eco,!) 
and the limits as ^-^ 0"*" and l" and P, and - P (In q / 
^-q«) ( >0) . 
Therefore the solution ~t^ satisfying (*.8) is 
uniaue 
B4 
ge AS var (^, A ) 1- q q ^ d - q , - ] 
— ge As var (p ,^ )« ( ) 
d'^< , 2 
i-% 
1-q, 
V % +^i l o g q^-
q ^ d - q i ) 
- + ( 1 - q^ ^ q© ^°9 % q"* In q 
q«(i-qf ^) 1 - ^ 1^ (l-qj ^ 
Sinp l i fy lng we get 
.2 , „2 2 2 , ?. 1-^, ( n V p \ / ) ( g e AS var (p ;^) ) (- q^ In q^) x q^ (1-qJ-^) - ( l -q^ ) 
xj 1+ U n q / In q^ -1 ) q 1- ^ 
taking l i m i t 
l i m i t Ge AS Var ( p, ^ ) = 0 
l i m i t G = As Var {^, A ) « (P 
A / \ 
Hence X | i minimise Ge As Var (p, ;\ ) 
The optimal genera l i z ed asyi tptot ic v a r i a n c e of 
^ &L A i s g iven by eq { 4 .6) with ^g i n p l a c e of t. , 
f ).^. 
and S-expected nxjmbers of items f a i l e d at use and acce lerated 
cond i t ions are n(l-Exp i-A^g n) and 
n Exp (- ^"iqn ) . [ l - Exp (- p -fiqn ) "] 
Theorem 2 The optimal change time minimize As rar (p) i s 
I^ = "^ r- *here 
i s the unique s o l u t i o n of t 
I inrq^ . q^^" ^ In ( q^/ q^) 1 ( 1 - q^ )^ 2 - q2 ^ d - q j - ^ ^ 
In q =0 
^o 
4 . 9 
Proof 
P' _ 1 
As var (p) » ( ) [_ ^ 
< ( l - q ^ - ^ ) 
IVP ) AS var (p ) - K _ 1 "^  
d i f f . w. r . f . "^  and equal ing to zero 
-i^W-'^ ] . . 4 . 9 
d [ (r/B^) As var (p ) ] 
r q In g I ^o ^O 
u-4)' 
% X q^ fc q^ 
+ ( 1-qi ^ ) q j ^- <io sO 
After s i m p l i f i c a t i o n we g e t 
hh 
hence 
l i m i t (n /p^) As var (p) - - 00 
^ ^ 0+ 
and l i m i t (n /^^) As var (p) • 00 
t-^ 1 ' 
Therefore the unique so lu t ion eq ^ s a t i s f y i n g eq (9) minimizes 
AS var (p) . 
Again dif f . w.r . f . the equat ion (q ) 
d^ [ n/B^ AS var (p) «] 
2 ^ ^ 
( In 'qi ) ' / [% i^V""^ > j ' -
Tbe asyagptotic var iance of /4 As var ( A ) 
m (/. / n ) —- ^^^ ^ j ^ value of t minimize 
(1-qJ ) 
Asvar { A ) ±s 1,0 i . e . t e s t i n g only a t use 
A 
condi t ion . As var [A) 6o not a recesonable optimal 
c r i t e r ! a n . 
f ) -
COKSTAKT PALT 
Test procediire and assumption^ 
Let n p" items randomaly chosen among n t e s t items are 
allocated to use condition, and the n jB remaining iterr? 
to accelerated condition. 
Each t e s t items i s run unt i l censoring time I\# 
and the t e s t condition i s rxjt charged. 
1. The l i f e time of an item tested at use 
condition follows an exponential distr ibut ion with 
hazard rate /i 
2. The l i f e time an item t e s t at accelerated condition 
follows an exponential d is tr ibut ion with hazard rare p/» . 
3 . The l i f e t ime of t e s t i t e m s are £ - i n d e p e n d e n t . 
ESTIMATION METHOD 
By a s i i ^ t h e maximixm l i k e l i h o o d . The parameter 
p and y) are e s t l a a t e d * 
The ! • ! . d l i f e t ime Ti 
i " 1 ——— n (i o f i t e m s a l l o c a t e d t o u s e c o n d i t i o n 
and i . i . d l i f e t i m e s x . # /j^ = l . . . . n ^ o f i t e m s a l l o c a t e d 
t o a c c e l e r a t e d c o n d i t i o n are mutua l ly S- i n d e p e n d e n t . 
h\ 
Notations 
i t observed life time of item i tested at use 
condition 
e 
ul : Indicator function S . = I (T> ^ \) 
c 
aj I indicator function s^. ^ , y ^ 
a j = I ( X . <• i\ ; 
x^ } observed l i f e time of item j t e s t e d at 
acce le ra ted condi t ion 
u* a : number of Item f a i l e d a t use acce lera ted 
condi t ions 
t ( l ) ^ <;t(nu) <^ X o^<ie^ed f a i l u r e t imes a t use 
condi t ion 
x ( l ) $ s< X (na) -?: "n_ ordered f a i l u r e t imes a t 
acce le ra ted condi t ion 
The l lXelihood for (t^j^ S^^ ) 
. . . 10 
Likelihood for ( x . , S, . > 
Laj ( A.^, Xy S^) « [p/^Exp (- p ^ X j ) ] ^J [Exp (-p/»tl)i 
o . . . 4.11 
6ul _ , . . , .^'^i 
F)^t 
The total likelihood for 
n ;3 n ;3 
i «1 J"' 
1.1 J " 
X e -P /^  X 1 6aj [ -P^K| 
Maximum l i k e l i h o o d of p , /) are the v a l u e s of p & ^ , By t a k i n g 
In and l e t t i n g f i r s t p a r t i a l d e r i v a t i v e s of I n (B^;*) be zero 
nfS 
l n ( p , ^ ) » T T ^ U i I l a b - ^ t ^ | - S^i (- ^ n ) 
n^ 
IT Saj iin B + I n ^ - >P ^'j I - S^j ( ^ /^  PE' 
d i f f . w. r . f . /^  & p ,we g e t 
^ -^ ^ 1 . 1 
= n^ / [ r^ - n^ ) X + -^ t ^^ j 1 4 .13 .nu 
"El 
i = l 
•^ nj3 np ^ 
na 
= [ na / ( r\0 - na ) "b^^ + "^ x (r) ) | ^^^ 4.14 
The fisher information matrix F(p,/^ ) is the negative 
6-expectation of the second partial derivative of in L ( p, A ) 
with respect to P & A from ( M 1° ) 
d^ln Ln^iA ) / d/ = - 6^^ / ^ ^ 
d^  In L^^( /< )/;d p^= d^  In L^^ ^U) / d^  d/ =0 
prom eq(ll) 
d^  In L j^ (p, /\ ) / dp^ » - S j^ / p^ 
d^  In L ( ^ , / ) / d / = - 6_, / ^ 
d^  L-: L^, (p, ^ ) / dp = - £^ .^ xj - S j^ tl 
and 
E [ s ^ J - po , E -^ S j^") = p^ 
E [ - d ^ l n L ^ ^ C / ) /d/^J « P^ / / 
E 1^ - d2 In L^ ^ (p,3 ) / dp2] = p^ /p2 
E [- ^d^ in L^j (B, A) /d./- J = p^/ . 2 
71 
j-d^ In L j^ (p, A ) / 6^ d/»] P / (P /^  ) 
Tip,A )= 
n^ 
i = l 
n^ 
Y_ E [-d^ In L^j^O, ^ )/dp^ ^ E ^ - d ^ m L^^(p/^ydB d A 
n^ ^^ ^ .2, 
^ E ^ -d^ m L , l p , A ) / dp dA X E [.d in V ^ B d) 
i i = l 
r 
i - i 
r ^ 
E ( - d^ m L^ (B,L) / dp^ -^ E [-d^ InL^j ( p ^ ) /d^d ; I 
l . t .1 
I ^ E (-d^ In Laj (^, A )/dp d> ^ E [-H^ In Laj (p /» ) / d / 
i =1 i=l 
F O A )>= n 
J» P/P' 
i' P / P 
P Pi / P> 
)3 PQ + ^ Pi / ,4 
Asynqptotic var iance of MLE i s 
obtained by inverse matrix of F (p / ) 
which i s given by 
4.15 
I w 
F - ' ( B ) - " P Q P I ^ ^ ^ 
A ' B' 
<P PQ + P P j ) / ^ - fS Pl/P/< 
- ^ P i / p^ 
P Po -^  <^  ^1/A 
A A 
so g e n e r « d i z e d a s y m p t o t i c v a r i a n c e o f 3 k A and t h e a s y m p t o t i c 
v a r i a n c e o f p are 
Ge As var { p /^  ) 
,2 .2 [-^^J [ 
2 P P^ n *^ o *^ 1 f P 
J 4 . 1 6 
As var (p) » I" p^ ^Pi-P©^ 
L 
JB + 
r - 1 
n Pi PQ 
JT ^ 
^ I P l / P o 
'^ , •^  
The o p t i m a l g e n e r a l i z e d a s y m p t o t i c v a r i a n c e o f B '^  i s 
4 p^ A^ 1 (n^ P i P Q ) 
Theorem i The op t ima l s a u r i e s p r o p o r t i o n 
P^ a l l o c a t e d t o a c c e l e r a t e d 
c o n d i t i o n m i n i m i z i n g A v a r ( B i i s 
»i ( / r + 1) - 1 4 . 1 9 
7:". 
Proof 
Let 
As v a r (p ) = P < P i - Po^ 
'- ^1 ^'o 
r - 1 
t P 
d l f f . w . r . f . j9 and e q u a t i n g t o zero 
d As var (B) = 
n p i PQ 
s N2 />.2 / (;zJ /? )^ ^ r + - ^ — i ^ -
- 1 
Let d - I _^ & C - p2 (p^ - p^) / n pj^ p^ 
( f)^ + 2 d ^ - d) 
2 
We g e t two s o l u t i o n s of t h e above P + 2 d )^ 
p^ ^ - d + (d^ + d)"^^ ( > 0) 
- d = 0 
and f. - d - (d^ ^)"'^"^ ( < 0 ) 
But C/((> " ( ) ) ' ' ( > 0 ) . 
r - 1 
•ti o 
If follows that the derivatives i s pos i t ive for 
P < p I negative for Pj ^ ^ "^  ^i ^^^ p o s i t i v e for 
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As var (p ) attains minimum at ^^ ^^^ ^^^ result 
_^1 
/"r +1 
Equation (4.8) & (4.9) pre est imate of both p^ S. p , 
are needed for the step PALT minimize e i t h e r Ga As var 
(p, id ) or As vox (p) and eq (18)&I19) shows tha t a pre e s t i -
mate of she i r r a t i o r * p« / p i s needed for the constent 
PALT minimize As var (B) and the constant PALT minimiz 
Ge As var ( p* /\ ) i s independent of them. 
C H A P T E R -V 
ANALYSES FOR TWO LEVEL SINGLE STRESS ACCELERATED LIFE 
TESTS IN NONPARAMETRIC CASE 
f o r t h e l i f e t i m e d i s t r i b u t i o n of i t e m s u n d e r 
t e s t at: e i t h e r t h e normal u s e s t r e s s o r t h e a c c e l e r a t e d 
s t r e s s e s . T h a t i s , no s p e c i f i c a t i o n o f t h e f a m i l y of 
p a r a m e t r i c l i f e d i s t r i b u t i o n i s g i v e n . F o r s u c h s o t u a -
t i o n s . I n f e r e n c e p r o c e d u r e h a v e b e e n d e v e l o p e d wh ich 
a r e n o r q p a r a m e t r i c . 
^ u s I t i s some t imes b e t t e r t o u s e a g e n e r a l 
model w i t h few a s s u m p t i o n s r a t h e r t h a n a more s | i e c i f i c 
o n e . T h i s i s a p r i m a r y m o t i v a t i o n f o r r e c e n t work on 
a o r 5 > a r a m e t r i c l i f e t e s t A n a l y s i s . F o r Eq. by 3 a s u and 
Ebrahim ( 1 9 8 2 ) ; M c N i c h o l s and P o e l g e t t ( 1 9 8 4 ) Ebrab lm 
(1985) and B u z u k i ( 1 9 8 5 ) . 
I n a c c e l e r a t e d l i f e t e s t i n g , i t e m s a r e s u b j e c t e d 
t o H i g h e r -nan u s u a l l e v e l of s t r e s s . The i t e m s t h e n 
weas o r f a i l more r ^ i d l y and t h e i r l i f e d i s t r i b u t i o n s 
c a n i n t h e o r y , b e a s s e s s e d s o o n e r t h a n w o u l d b e 
p o s s i b l e u s i n g o n l y o r d i n a r y l e v e l s of s t r e s s . For 
a c c e l e r a t e d t e s t i n g t o make s e n s e . I t i s n e c e s s a r y 
l U 
to have a way to extrapolate the t e s t resul t from 
the accelerated to the ordinary conditions. 
Let F ( t , x) be the probability of fa i lure 
by time t of an item svibjected to level x of a s t ress . 
We consider the non-parametric propotional hazards 
model 
P ( t , x) = i .e -^(x)h( t ) 
and the nonparametric accelerated fai lure time 
model t ( t , X ) = F (g(x)t) where g &h are nonnegative, 
nondecreasing function of x, & t , F. i s an arbitrary 
d is t r ibut ion function and g has sigmoid (S-shoped) 
curvature we develop confidence bonds for low-stress 
long time probabil i ty and quant i t ies . We also discussed 
a goodness of f i t t e s t of the proportional hazards 
model. The resul t which are primarily for data at 
two levels of s t r e s s accommodate jsimple r ight 
censoring. 
Let P(t ,x) denote the probabili ty of a 
s t r e s s - induced fa i lure by time t of an item 
subjected to a wtress level of x. Let consider the 
models of the form. 
/ 1 
Where F i s a probabili ty d is t r ibut ion function 
on (0,00) ^ and h are nonnegative and nondecrea -
sing and gCO) =0, The assximption. abcut g ijiply tha t 
the fai lure probabili ty increases with s t ress and 
that a s t ress induced fa i lure never occurs if the 
s t ress i s not present. 
For the proportional hazards model F (u) =l-e~^ 
and the hazard r a t e effect of s t ress i s mul t ip l ic -
ative on the hazard r a t e . The Accelerates^ fa i lure 
time model define by eq (1^ when h(t) = t under t h i s 
model the effect of s t ress i s mult ipl icat ion on t . 
Extrapolation Ahe-ad in Time And Down in Stress 
In th i s metnods are for data at two levels 
of s t ress (including possibly simple r i gh t censored 
data) . The tvo level case i s more t rac tab le than the 
general case and that i s the main reason for consid-
ering i t . 
Let x^ be an accelerated level of s t ree t 
and l e t x_ be a normal level so that x x , . Assume 
<-' O 1 
/ ' • ' • 
t h a t t imes x f a i l u r e are observed at x- but not x . 
Let to denote a time to f a i l u r e . Also l e t X^Y*5c) 
denote the Y th quan t i l e of P ( t#x) . 
By the assuniptlon the func t io g i s sigmoid and 
g(0) =0, If follows tha t g (x) / x i s unimodal. 
Let X, V x^ be an higher leve l and assumed 
t h a t f a i l u r e are observed of both x, & Xj hiit not the 
normal s t r e s s x_ of 
o 
g (x^) gCxj) 
< (2) 
^1 ^2 
Since g(x) / x i s uniaodei , g{x) / x roust be nondecre-
sing on a l l of (0, x , ) . 
A function f i s s tarshoped on an i n t e r v a l 
i f f (x) / x i s non decreasing on t h a t intejcval . Thus 
eq(2) i s s t a r shaped on |0 ,X.) f rca (2) I t a lso 
implies t ha t 
ilia^ ,^  ^^ ""i (3) 
=^ o ^1 
I f eq (3) i s t rue than follarwing i n e q u a l i t i e s hold 
O O ' O O 
7ri 
>f F( 
: g(^o> 
o o 
^ ^ v — - o o 
from (3) 
V<P Ch-^ ( — h ( t^) ) ^ x^) 
T< Vo' ^o ^ > h " M ^ ^ h (T '. y^, x^ ) ) 
1 F"^^K.^  
g (x^) 
h - l ( 2 ) 
XQ g C x ^ ) A o 
-1 rK, 
^ x_ g ( x , ) o 9^^iV ^ 
> T (F ( ^ ?" ( y ) ^ , ) ) (6) 
and 
F ( F ( t ^ , X^) } 
L e t U(tj^ X , ) be a 95% cpper c o n f i d e n c e Bond 
f o r P ( t , x^) and 1 0(^, Xj^ ) be a 95% . Lower 
c o n f i d e n c e Bond f o r T (r^ x , } . T h e n b y t h e e n e q u a l i t i e s 
( 4 t o 7 ) . 
) < l 
X 
u I h-1 ( - 3 ^ ) ^ < V > ' ^1 1 ^^ ^ 
i s a 95% upper confidence Bond for P(t^# x^) 
-1 
h 
X 
c 
o 
5 ~ h ^i.Wo' ^i) > I -^9^ 
i s a 95% LC2 for T{.)(^, x^) 
^o 
i s a LCB for T (V^, x^) and 
''o „- l F 1 - ^ F - (U(t^, X j 1 (11) 
i s a 95% UCB for P( t^ , x^ ) 
o o 
I n e q u a l i t i e s (4-5) and corresponding conf idence 
bonds 8 an 9 can be used Whenever h i s known ( e . g . 
the AFT model) I n e q u a l i t i e s 6 and 7 and the corresponding 
board 10-11 can be used whenever F i s known ( i . e . the 
FH Model). 
SI 
Inequalities 4-7 are right when ^ (x) /x is 
constant, but it g(x) /x increases rapidly, they are weak 
and may not be useful.The rate of increase decrease) 
of g(x)/x on an interval Jx-, x-l can be obtained by 
estimating gCx-)/g (x2)-
Goodness of -Fit Tests for the PH models 
The GOF test for the PH model and the 
test for the Accelerated failure Model are designed 
for proljem with two levels of stress. 
Let t^i 1^ ^ ^ ^ 
1 2i 2n^ 
be f a i l u r e times a t s t r e s s e s X- & X^ • ^^ ^^^ '^ P^ model 
holds then i t a l so holds . for any monotone t ransformation 
of the failxire t imes . Therefore cOF t e s t should be 
invar ian t under such transformation. Therefore t e s t 
should be depend on f a i l u r e times only through the se t 
of j o i n ranks of t , , . . . . t , & t . t^ 
The j o i n t ranks are cha rac te r i zed by ( a^- - a ^ , ) 
where a . i s the number of t ^ . between t , and 
t , , t = 0 
"i+1 ^^ 
and t = OO 
S2 
con fu t i ng t h r l i k e l i h o o d r a t i o s t a t i s t i c s 
fo r t h e PH Model by maximizing t h e l i k e l i h o o d of (a^ a^^) 
under the PH model and under the u n c o n s t r a i n e d model, 
f o r which the only assumption i s t h a t a t each s t r e s s 
thf=fai lure t imes are independent i d e n t i c a l d i s t r i b u t i o n . 
The marg ina l d i s t r i b u t i o n or L i k e l i h o o d of 
t h e j o i n t r a n k s was g i v e n by k a l b f l i e s c h and p r e n t i c e i n 
a r e g r e s s i o n s e t t i n g not r e s t r i c t e d t o two s t r e s s l e v e l s . 
According t o Kalbf l lech& p r e n t i c e . 
Ln t h e Kalbf lc isfch and p r i n t i c e PH formula , 
the hazard r a t e i s modelfed as 
/ i ( 2 , t ) » /foCt) eP^ where 
p i s a r b i t r a r y s i n c e ^ ^ ^ ^ ^ 1 ' ^^ 
/Kz^^t ) 
=^ 1B 
we g e t c = e r f o r i = 1,2 l e t 
Ni(K) deno te t h e niMnber of u n i t s of type i r ema in ing 
on t e s t j u s t b e f o r e the k t h o v e r a l l f a i l u r e . S ince 
€^^2 e l , Kabb le i s ch & P r i n t i c e i n j j l i e s t h a t t h e 
p r o b a b i l i t y of t h e j o i n t r a n k s i s p r o p o r t i o n a l t o 
n 
C 1 
. . . . . ( 1 2 ) 
nj^+n^ 1 CNj^ (K) + N^ (K) J 
IT 
k« 1 
According to Kalbfleisch and p r e n t i c e (1980),The 
d i s t r i b u t i o n of a a has a p a r t i c u l a r l y 
o n. *^  
tractable Let C = g(x,) / g (x^) it follows 
kalbfleish and printice formula that the marginal 
likelihood is proportional to 
n, L 1^ 
c 
^ I i=0 I B 0 Ai + C(n^ - l ) - j 
""l Where A ^ 
1 ^ aj 
equal t ion (13) can also be des i red from f i r s t 
p r i n c i p l e P (a a ) i s 
•^  •^  o n^ 
" l 
,P ( a^ a^^/ t^ t^^) ^ dF ( t^ , x^) 
i = l 
83 
^ IT IT i (13) 
(14) 
Where <^( t ,x) to represent the d i f f e r e n t i a l of P 
-with respect to ta rx Let r^ « o and t , , « OO Assuming 
^ o nl +1 ^* 
P ( t , x; « F (g(x) h ( t ) ) and t h a t 
F i s d i f f e r e n t i a b l e eq (t^ i s 
S4 
r 
n. 
ni< 
J 
*nl 
n. 
"TT j F ( g ( x 2 ) h ( t ^ + l ) - F 
n. 
( g ' x 2 ) h ( t ^ ) I ^ 
TT JF( g (x^) h ( t ^ ) ) g ( x ^ ) h ' ( t j , ) d t ^ i 
1=1 
Where S i s t ^ tn^^ : 0 ;<: t . '>5 t . 
so 
" l 
c n. 
\ ) 
n. 
(15 ) 
8 ft 
t imes f n 
I T F(U^-^) - F ( U i ) ^ ^ 1 |F. (cu^)cJu^ 
^ '° i .1 
° -^  "l^ ^ V^^ "" ' (le? 
Where u^ = 0, U^,_^, = ^ ^"^ " i = 9 ^ - 2 ^ ^ ^ ^ ! ' 
for i= 1« n 
For F ( U ) = 1- e~ change of v a r i a b l e 
i t h e n eq (16) i s 
l . C '^ I ^ i dv^ i 17 
Where V « 1 and V 
'^=* ^1+1 =0 
Now l e t Wi w^ such t h a t 
^ ^ + 1 
^ - ^ w. ( i =0 n + i ) t hen V 
i =0 
V< - V . . 
^^~^i+l ^ IT v j the J a c o b i a n 
1=0 
of t h e t r a n s f o r m a t i o n from w ^ . . . w 
1 n^ 
*^^  ^1 % 1 ^^ 
8f. 
n 1-1 
IT 
1=1 
n 
W j 
1-1 Thus eq (17) 
n n. 1 " 1 
IT I U-w^ ^i) IT ^j I 
j = 0 
' i ;< 
i = 0 
^o^<w^^ 1 ^ 1 = 1 . . . n^^ 
n. 1-1 
X IT 
1=1 
n n 1-1 
W j IT 
1 = 1 
j =1 
c - l dw^ I 
T h i s e x p r e s s i o n r e d u c e d t o 
n. 
1 =1 b 
( (1-w) ^ 
a . - 1 
^ CC n , - 1 +1) + A . - 1 
w 1 -i 
dw ( l e ) 
n . 
IT 
1=1 
^a~^ ' ( c ( n ^ - i + l ) + A , U 
V rrt , 
x} dx 
^ 1 - ^ ^ 1 - 1 ^ ^ ^ ^ 1 - 1 ^ 1 ) - ^ 1 n+1 |m+l 
j nn+n+2 
Above this expression muliply by the eq (15) we get 
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P( a. n l ) 
n 
n 
^- i 
1 . 1 a. 
n l i =0 <i=u A^+c(n^~i) r - j 
n. 
nj 1 a^ 
^nl ' 
c ' ir IT i 
i = 0 j » 0 A^ + C(n^- i ) - j 
Where A^ = " i 
j = 1 
a. ( The c o n s t a n t of p r o b a b i l i t y i s 
n^l n^ I ) 
Taking t h e l o g o f t h e above E x p r e s s i o n and 
d i f f w . e . f . C 
n. l o g C • l o g IT 
i = 0 
° i 
j « 0 A. + C ( n . - i ) - j 
o r i 
"1 -1 a^ 
°1 - "^  X 
1=0 j = 0 A^ + C ( n ^ - i ) - j 
4 V i } (19) 
The e x p r e s s i o n i n b r a c k e t s (18) i s d e c r e a s i n g i n C ,This 
i n ^ - l i e s t h a t e q ( l 3 ) and i t s l o g i s unijnodal i n C I t i s 
s t ra ight forBard to maximize by using Newton's 
method by c a l l i n g the so lu t ion c. 
of (a^ 
To c a l c u l a t e the unconstrained l i k e l i h o o d 
^nl ^-
n. 
,P t^o ^ n l / ^ ^nl ^ T ^ ( t ^ , X,) <: 
i »1 
r "2 
J a nl 
n 1 
po 
? J 
nT 
5f n. 
IT d^p(t^,Xj^) 
i =1 
- n. 
i 
\ a_ • • • ^„ o n 
n 
1 
"IT 
j=0 '^ ai 
Under the PH model, the g( Xj) h ( t i j ) are independent 
and each d i s t r i b u t e d as E# an .exponential randotr 
var iab le with mean 1, Since ( a A ) i s i n v a r i a n t 
o n^ 
under monotone transformation of the failure times its 
distribution does not depend on h. By eq(13) its distri-
bution does not depend on ^ix^) and g(x^) only through c. 
(a . 
Thus i f C were known we could s imulate 
a. - ) using independent random number-of f a i l u r e 
HU 
times that at strees x each have the same distribution 
as (I/c)E and at stress Xj each have the same distribution 
as E. 
If C is unknown an ^proximate significance 
level of ^n observed likelihood Ratio can be determine 
by taking c fore only for ^proximation. 
Now consider a simple right censoring time that 
is the same at both x- and x . If there is censoring at 
x^ but not x^» Then ( a a .) is censoring at 
both x^ & x« however than ( a_ a_ ) is not observed 
X z o n 
but ( a^ "'i 1* A_.) i s observed where t i , i s X—1 mi m l -
t h e l a s t u n c e r s o r e d f a i l u r e t ime a t x - . For t h e above 
purpose i t i s modify t h e e q u a t i o n (13) (19) and (20) 
t o accomodate t h i s c o n s o r i n g 
m 
m-1 
mil 
IT Tf 
i=o >o A^ + C ( n ^ - i ; - j 
(21) 
and u n c o n s t r a i n e d l i k e l i h o o d becomes 
r tei. 
/ A 
ml 
% . - ! 
Am, 
^2 ./ 
"^l-l 
IT 
d=0 
an 
When ties occur between failure times at different 
stresses (a ...•••••••.a^) is not uniquely defined 
o ni 
either, and some modifications are necessary. 
CONCLUSION1 
In accelerated l i f e tes t ing we seek information 
about a process at normal s t res s l e v e l s by studying i t 
at higher s t re s s l e v e l s . Some method of extrapolation 
i s needed for making extrapolation can be extremely 
d i f f i c u l t . Thus a general model i s preferable to a more 
specificone.Extrapolation should always depend on the parti-
cular application. 
We have examined extrapolation fonr.ulas that 
hold under models of the form P(x, t ) = F (r (x) h(t) ) 
with h or F known. These models finds to be more genpral 
than many of their parametric analogs. 
For fa i lure times, possibly simple r ight censored 
at s tresses at x, and x^. 
1 2 
The assumption that g i s sigmode i s based on the 
sigmoidity of g in more spec i f i c models used. In fact many 
fn 
natural and physical processes do exhibit sigmoid behaviour. 
Under eq(2) at a third stress X- g(x )/ x could 
assume any nonnegative value without contradicting the 
sigmoid assumption. Thus it would take at least four 
stress levels to support the sigmoid assumption with data. 
For (XQ to / X- tj^  ) >$^  1 
P ^V o^^  -^ Ptt^ , x^ ) !oJb_ (22) 
^1 ^ 1 
For the AFT model when both Fig ane starshaped however, 
for ( x^ t^ / x^ t^)^l. 
x^ t 
F( g(x^) — 2 2. ) 
*1 
= F (g(x^) t^ *o ^  1 
^ ^1 
) 
>^ F(g (x^) t^) ^o ^ o 
1^ h 
If h or F i s known xxp to unknown parameters , the raetivscs 
proposed here could be general ized by using paraaneters 
es t imates in the abvious way, as long as the unknown 
parameters did not vary with s t r e s s . 
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